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ABSTRACT

In this paper, reliability and availability analyses of a parallel system with common-cause failures and critical human
errors are discussed.
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1. INTRODUCTION

Redundancy can generally be used to increase the reliability of a system without any change in the reliability of the
individual units that form the system. The parallel configuration is one form of redundancy. This form is often used to
improve system reliability. However, in conventional reliability and availability analyses of parallel systems, the
occurrence of Common-cause failures and Critical human errors is not taken into consideration. Their impact on a
system’s reliability is much greater than many of us realize.

A Common-cause failure is defined as an instance where multiple units fail due to a single cause. Some of the
Common-cause failures may due to [1] equipment design deficiencies, operations and maintenance errors, external
normal environment, external catastrophe, functional deficiency, common manufacturer and common power source etc.

This paper separates Common-cause failures into two categories i.e, Common-cause failures resulting from human
error and Common-cause failures resulting from non-human error. The Common-cause failures resulting from human
error are called Critical human errors many studies [59-60] have indicated that a significant percentage of system
failures are due to human error. Some of the similar models are presented in references [2-6]. The reliability and
availability analyses of a parallel system with common-cause failures and critical human errors are discussed. The
system may fail either due to a common-cause failure or a critical human error or when all units fail. It is assumed that
when only one unit operates, a common-cause failure or a critical\human errors occurring (i,e, when one unit is
operating) are categorized as common-cause failures\critical human error, the ones which may have led to a total
system failure, if there have been more than one unit working normally in the system.

2. ASSUMPTIONS

Failures are statistically independent.

All systems units are active, identical and form a parallel network.

A unit failure rate is constant.

A Common Cause failure or a critical human error leads to a system failure.

A Common Cause failure or a critical human error can occur when one or more units are operating.
Critical human error and Common-cause failure rate are constant.

Failed system repair rates are constant

At least one unit must operate normally for the system’s success.
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3. NOTATIONS

n- Number of units in the parallel system

- Constant failure rate of a unit

i—System upstate

i=0 (all n units operating normally)

i=1 (one unit failed, (n-1) operating)

i=2 (two units failed, (n-2) operating)

i=3 (three units failed, (n-3) operating)

i=k (k units failed, (n-k) operating)

k-Number of failed units in the system and corresponding upstate of the system for k=0, 1, 2,... (n-1).
Ne1ir™ezirNe3i- constant critical human error rate from system upstate i for i =1,2,...k.
Nh1isX™h2irXp3i - constant critical human error rate from system up state i=1,2,3, ...k.

Jj- System down state.

j=n (all units failed due to a common-cause failure or a critical human error).

j=c1,¢5,¢3, i - System failed due to common-cause failure.

Jj=hq,h,, h3,h; - system failed due to critical human error.

p; (t)- Probability that the system is in upstate i at time t for i=0, 1, 2,.....k.

p; (1)- Probability that the system is in downstate j at time t for j=n, ¢;,c;, ¢35, ¢ hy by, hs by

p;- Steady state probability that the system is in upstate i for i=0, 1, 2, .....k.

p; -steady state probability that the system is in downstate j for j=n, ¢y, c,, c3, ¢k, hy, hy, hs,hy
71 (2), 15 (X),73(X), 7 (X), 01 (%), 02 (X),Pe3 (X), 0 (X)-Repair rates and probability density functions of repair times
respectively when the failed system is in states c¢;,c,, c3, ¢, and has an elapsed repair time of X.

2(x), 2(X),25(X),2(X),hc1 (X)) ,0r2 (X),0r3 (X),pri (X)-Repair rates and probability density functions of repair times
respectively when the failed system is in states h4,h,, h3,h; and has an elapsed repair time of X.

H(X),p,, (X)- Repair rates and probability density functions of repair times respectively, when the failed system is in state
n and elapsed repair time of X.

s-Laplace Transform Variable.

W11 ,12,T3.,Z1,22,23,2) - CONstant repair rates from failed system states n, ¢y, ¢y, c3, ¢, hq,hy, hs,hy, respectively.
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4. GENERAL MODEL

Using supplementary variable method, the system of differential equations and boundary conditions associated with

fig.1 are
d
d_tpo(t)(t)+(>\ C104xhyy T X X €20 +X g +X €304 X h3ypo (1)

:fow Pec1 (X, t)rl (x)dx + fgw Dc2 (x’ t)rZ (x)dx + fow Pc3 (X, t)‘)”3 (x)dx
+ [} e (2, O () dx + f ppy (x, )21 (x)dx
+ ) D ha(x, )2, (x)dx + [ phs (x, )23 (x)dx + [ pi (x, £) 2 (x)dx.

Ip1(t) + (X cipt) hypt (0-1) X+X €1+ hgp +X €31+) Ay +) cpt ™ Byq )pr (D)=po (DN

d
d_tpz(t) + (N ciatn Rygt (NF2)XN+X Co+X hga X C32+X Rt o) hyp)p2 ()= pr (D(0-1) X

d/dtpa(x 1) +d/dxp,(x, 1) + H()Pa(x, ) =0
d/dt pey (X, Yy+d/dx pey (X, 1) + 11 (X)per (X, 1) =0
d/dt pe (X)+d/dx Py (X475 ()pe2 (X, 1)=0
d/dt p.3(X)+d/dx ps (X,)+73()pe3 (X, 1)=0
d/dt p (X,t)+ d/dx p (X t)+ 7 (X) pere (X, 1)=0
d/dt o (X)+ d/dx pra (XD+ 25 (X)paz (X, =0
d/dt ppz(x)+ d/dx pr3(X.D+ z3 (X)pa3 (X, =0
d/dt pp () +d/ dx ppie (X, +2 (X)Ppic (X, )=0
Pn (0, 9= (N-K)x P (9)

—\k H
Pe1(0, =X Pi (DX ¢y
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Pe2(0, =X pi (O ¢z

pe3(0,8) = Ty pi» 3

Per (0, D=0 Di > Cor

pr1(0, D=0 i X} hy;

Pr2(0.D=X (o pi X hy;

Pr3(0, Y=X{_o pi X hy;

Pric(0, =X pi % Ay

p;(0)=1 for =0

p;(0)=0 for =0

p;(x,00=0 for j=n, ¢y, cz, c3,¢k 1y, 3 By

(16)
A7)
(18)
(19)
(20)
(21)

(22)

Solving above Equations using Laplace transforms leads to the following Laplace transforms of the

probabilities.
spo(s) — 1+ (% 19 X hyg+X a0 +X hyg+X C30+X hg+X o+ hyo)po (S)

=] per(x.8)r (x) dx+ [ p e (x, $)r ()dx+ [ p €3 (x,8)r3 () dx+ [ p € (x,8)75(X)
+], P h(x8)z1 (X[ p ho(x,8) 2o (X)+f, P B3 (x,8)23(X) +J,” P by (%,8)z, ()dx+ [* p n(x,S)p dx

Sp1(S) + (X crr X hyp+ (N-1) X+X C1 4% Ry c31+X Rgq 3 X Byey) pr(S) = po(S)NX
Sp2(8) + (N ciatX Ayt (N-2) NN Cop X hogp+X 3ot hgg X Crat ™ hyp)p2(S) = pr(S)(n-1)X

SP(s) + (n crpt™ hig + (N-K)X ot Ryt Cape ) hgre % Cige 3 B )P (8)=Pre—1 (S) (N-K+ 1) %
[S +d/dx + p(x)]pa (X, $)=0
[S + d/dx + 1,(x)]p.1 (X, 5)=0
[S + d/dx + 15(x) Ipe2 (X, 5)=0
[S+ d/dx + r3(x)]p.s(X, 5)=0
[S+d/dx + 7, (X)]per (X, $)=0
[S + d/dx + hy (x)]pp1 (X, 5)=0
[S + d/dx + hy (x)]pp2 (X, 5)=0
[S + d/dx + hs(x)]pas (%, 5)=0
[S + d/dx + hy (X)]pas (X, $)=0
P (0,8)=(n — k) X pi(s) = 0
Pe1 (0, 8) =ZiZo pi(s) » ¢y
Pe2(0, 8) =X iz Pi(S)> Cz
pe3(0,5) = T pi(s) » c3;

Po (0,) =Xl Pi(S)™ ci
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Pi1(0, 8) =Lilo Pi(s) X hy;
Ph2(0, 8) =Lio pi (5)  ha;
Pi3(0, 8) =g Pi() hs;
Phic(8) =Xi=o PUSIX hyg

From equation (24)

(S X ¢y X Ayt (N-1)X+X a1 +X hay+X €31+ Rgy X G+ hyer )P (8) =po ()

po(s)nx

N> pi(s) =

From equation (25)

D2(S)(S + Ccia+X hyp+(N-2)X + X a2 +X hap X C33+X hga X CratX hyp)=py (S)(N-1)X

stxrc11 11 =X X213 p21 X 31 X 31N ck 1 H ™ hk1

p1(s)(n—1)»

p2(s)=

TE_ o (n—)xKpo ()

Stxc11txp11 M =2) X+ X213 p21 FXe31 X 31Nk 1 Rk

Fork=1, 2, 3,....... (n-1)
From equation (27)
d/dx py (%,8) = - (s+H(X))pn (X,5)

d/dxpn(x.s) _
Pn(x.5)

- (s+l(x))
Integrating both sides
log[p, (x, )] = —sx — [, p(x)dx

n(x,5)
log [—Zn(’;:)] = —sx — f(jc p(x)dx

Pc1(xs) _ e—sx—fg u(x)dx
pc1(0.5)

P (X, 3) = p,, (0,8)e ¥ Jo WG

pn (X, 8) = (N-K)X py (s)e_sx—fg u(x)dx

From (36)

From equation (28)
d/dxpci(X, 8) = - (s+71(X))Pc1 (X.9)

d/dxpc1(x,s) -

vl CLEL6Y)

Integrating both sides
log[per (%, )] = —sx — [ 11 (X)dx

PG| _
log[pM(O’S) = —sx — [ r1(x) dx

pcl(x' S) — e—sx—f(;crl(x)dx
Pc1 (x,s)
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et (%, 5) = Py (0, 5)e =55l 716

Per (%, ) =Xk Dy(S) ey €5 o 10 (49)
Pea(X,5) = ThooPi(s) n gy €% o 7200 (50)
Pes(X, ) ZXh_o Pi(s) X ey e~ Tlo 30 (51)
Per (%, 8) =E_o pi(s) » g e o K@ (52)
Pr1 (X, ) =Xhey pi(s) » hy; e~ o 1% (53)
Pra(X. ) ZXk_g pi(s) » hy; e~ o 220 (54)
Prs(X, 8) =Eg pi(s) » hy; el 30 (55)
Pric(X, ) =Th_g Pi(s) X hyy e~ o A (ax (56)

Substituting in equation (23)
Spo(8)-1+ (X 1o+ hyg+NX+X cyp+X hyg+X C30+X hgg+X o+ hyg)po(s)

=[S piCs) > ¢y eI L () [ 3 pi(s) X ey e o 2O (x)dix
[T pi(s) » 5y €TI0 O (e [T pis) x g el KO ()dx

+] T pi(s) > hyy e 21, () [T pi(s) X hy; 7 o 20007, () dx
[ 3o piCs) X hy; e B3O () [T pis) x by e Oy (x)dx

70 =10 X pi(s)e™ T MO () (57)

Spo(8)-1+(™ €19+ hyg+HNx+X c0+X hyg+X c30+X hzg+X Cro+X hyo)po(S)
=YEopi(s) » cyy J; e I O 1 (AT pi(s) x ey [ e T 2O 1 (x)dlx
+YE Pi(s) X ey J eI 3WE 1 (AT pis) N ¢y fi e o RO 1y ()l
+TEo pi(s) ™ by f e T A 2 (x)dx+ T pis) N iy [ eI 2@ 2, ()

+3E Pi(s) X hay fi e PO 2 (x)dx+ T pi(s) ™ Ry [ eI K 7 (x)dlx.

(S+X cqo+X hyg+nX+x cy0+X hyg+X c30+X hgg+X cio+X hyo)po(s)
=143 pi(s) » ¢y fooc el 1t r1 (X)dx+X o pis) X ¢ fooc o5l 1260 r(X)dx
X0 PiCs) X ci fi e o OO 1 () dxk T pis) N g f; e T RO 1 ()l
X0 piCs) X hyy [ e 0 5 (x)dx+ Ty pis) > hy [ e T #2000 g, (x)dx
X Pi(s) X hyy [" e o 300 7, (x)dx
X pi(s) ™ hyg [ el A 5 (dxr(nK)x py(5) [ e HOOM (x)dx (58)

5. PARTICULAR CASES
CASE-I: Put n=2 in equation (45)

2po(s)»
Stxc11txp1r xR e21 3 p21 X e31 PR 31Nk 1t Rk

p1(S)= (59)

From equation (49)
. 0 e [X . 1
Fopi(s) n ey [, e o O dx = Bl pis) » e
1
:[po(s) X Cqo + Zle pi(s) X Cli]m

1
=[P0(S) X ey + X pi(s) > C11] -
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2xpo($)xcit 1
= x
[pO (S) C10+ s+ Xxc11 +>\h11+n>~+>\C21+>\h21+>\C31+>\1+>sk1+>\hk1:| s+rq
AN S
=[x ¢ + cl1 po(s)
S+>\C11+>~h11+l’l>\+>\(121+>~h21+>~C31+>~1+>~k1+>\hk1 s+ry
= Pc1(9) (60)
Again from equation (50)
k . = —sx—fx r2(x)dx _ 2XXc21 po(s)
obi(S)™cy | e 0 dx =[x _—
l_Op ( ) 2i f() C20+S+ >\C11+>\h11+n>\+>\C21+>\h21+>\C31+>\1+>\k1+>\hk1 s+ry
=pc2(S) (61)
From equation (48)
© —sx—fx H(x)dx
Pn (X, 8) = (N-K)x i (5) [, e~ dx
1
= (n-K)py (s)—
(0K ()
_ (—IOXTE5 =) 2 po(s) 1
H?:o(5+>\Cli+>~h1i+(2—i)>~+>\CZi+>\h2i+>~C3i+>\h3i+>~Cki+>\hki)S+l1
2x2p0(ﬂ 1

_(S+>\C11+>\h11+>\+>\h21+>\C31 +Xh31+Xcp1+xhg1) s+HU

Substituting these values in (58)

(St 1ot hyg+22+X Cop+n hygtX €30+X hag X CrotX hyo)po(S)

-1 +[ 252 Mpo(s)
S+xc11+xh11+xcp1+xhp1+xc31+xh31+xcp1+Xxhg1d s+HU

2XXC T N
+[>\ o + 11 ] 1p0(s) |,

T [)\ Cyo +
NS TE SN ST NG IR DN SR SN R SN ETE NS EE SN FE N EE S 1
2xxc21 ]rng(s) + [>\ Ca0 +
R RNSTE SN ST DN IE SN IR DN IR SN RS R DNSEE SN J2 1 IE Y )
2XXCk1 Tkpo(S)J_[x Cran +
S+>\C11+>\h11+>\C21+>\h21+>\C31+>\h31+>\Ck1+>\hk1] S+r I h10
2XXNCp11 ZlPo(S)J_[X Cron +
S+>\C11+>\h11+>\C21+>\h21+>\C31+>\h31+>\Ck1+>\hk1] s+zq1 I h20
2XXCph31 Z3P0(S)J_[>\ Crrn +
S+>\C11+>\h11+>\C21+>\h21+>\C31+>\h31+>\Ck1+>\hk1:| I hk0
2XNChk1 2o (s)
S+>\Cll+>\h11+>\(121+>\h21+>\€31+>~h31+>~Ck1+>~hk1:| stz !

2Xxc31 ]r3730(5)L [>\
+
s+xc11+xh11+xc21 ) ko1 +xc31+xh31 EXcp +Rhg1] s+r3

Cko +

2XXCh21 ]ZZPO(S)J_[X
S+xc11+xh11+xc21 )b +xe31+xh31Hxcp1+XRRE1d stz

Cr3o + s+z3

(St™c10tXh10+2 M0t X 20X w30 TN 30N cko T hko)

Do (S)=1+Up2(8)+71 D1 (S)112Dc2 () +73D¢3(8) 71 Pk (5)+21 D01 (S)+ 22012 (S)+ 23Dn2(S) +Zk Dk (S)

1+pp2 () +110c1(8)+72Pc2(8)+73pc3 () 1P () +21PR1(S)+220 02 (5)+23PR2(S) +2k PRk (S)
(5+Xc10 7 r10+2X+Xc20 2 p20 T3 ¢30 X130 > ck 0 X ck 0)

po(S)=
(62)
Availability of the system AV(S) = po(S) + p1(S)
_1HHP2 (8)+71Pc1 () +72pc2(5)+73Pc3(S) H7 ik Mp2Pk (S)+21Pn1(S) +22Ph2(S)+ 23Pn2(S)+2k PRk () + po(s)2x
(5210 ™10 F2X+Xc20 3120 HXc30 X330 > ck 0FHXck 0) SHXNc11 N 11N e21 FXR21 31 Pk 1 Rk

(63)

and unavailability of the system
5=p2(8) +Pc1(S) +Pc2(S) +Pc3(S) +Pck (S) +Pr1(S)+Pr2(S)+Pr3 (S)+Pni (5)-

CASE-II:

For n=2 and exponentially distributed failed system repair times, s=0
Let A=xtxeqg tnpin P3N F XN a1 P X321t 31 X i3 F X g1 X g

Then

2
p=—2 (64)

_2x%po
Pa=— (65)

Pc1=[xcm + ZM—CH] Po (66)

™ A ™
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P :[%czo 2>~>~c21]
cz ™ Arz
2>\>\C31
Dc3= [ Ars Po
Xck0 227k 1
:—+—]
ka I:Tk Ark 0
2>~>\h11]
ph1 [21 AZl
*h20 2>~>~hz
Pr2= [z ]
2
*h30 2>~>~h3
Pr3= [z ]
3
Xhko 2>~>~hk1
Prk=|[~,
k

Since po+p1+02+Pc1 P2t Pe3HPek TPR1 HPR2 PR3 PR =1

2xpo , 2x%pg |:>‘c10 2>‘>‘cll] [ 2>‘>‘c21] |:>‘c30 23231
422004 27 P04 | 2et0 y ZRReI gy (2020 ZRAC2L) gy 4| 2630 4 ZRRESL) 4y
pO A A[,l 1 ATl pO ATZ pO 73 AT3 pO
PN VAN PN VAN PN VAN
+[ h20 4 h21] +[ h30 h31] p0+[ hko 4 hkl] po=1
z2 Az z3 Az3 Zj Az
2x | 222 nc10 | 22ne11 |, 2e20 | 23Ae21 |, 230 | 23Ae31 , ANekO
1+4=+—4 =y el
_ A Au 1 Arq ) Ary Ar3 Tk
p =
0 +2>‘>‘ck1 + Xh10 + 2xXNp11 + Nh20 ;| 2XX21 | 230 , ZXX31 | ko + 2XXNhk1
ATk Z1 A21 A22 Z3 AZ3 Zf AZk

>‘ck0+2>‘>‘ck1] +[>~h10+

Ary zZ1

The Systems Steady State Availability AV(s s) and Unavailability UAV(s s) are given by

AV(ss) =Xl op =po + 11

UAV(S S) = D2 +Pc1+Dc2+Dc3 ek +Ph1 T Ph2 ¥ Ph3 HPhic-

FOI‘ U:r:Z:15, >\:10, >\C:>\611:>\L‘20:>\621:>\C30:>\6k0:>\6k1 and
NAENR10 N1 TNR20 TN R21 TNR30 TN R31 TN RK0 = N Rk 172, 3, 4

2xxp11

A21

Table: 1
S.No. M| A P Py Avallablllty =Py+P;
1 310 0.2510462 0.31380779 0.56485399
2 31 0.2506496 0.26384168 0.514490
3 3|2 0.24737639 0.2248876 0.472264
4 313 0.2419357 0.1935485 0.43548426
5 3|4 0.235426 0.1681614 0.4035874
Table: 2
S.No. M| Ac P Py Avallablllty =Pg+ Py
1 410 0.25088 0.26408494 0.5149649
2 4 11 0.247377 0.224888 0.472265
3 4 | 2 0.24193 0.193544 0.435474
4 4 13 0.2354 0.16816 0.40354
5 4 1 4 0.228389 0.147347 0.375736
Table: 3
S.No. M| Ac P P, Avallablllty =Pg+ Py
1 510 0.24737639 0.2248876 0.472264
2 511 0.241935 0.193548 0.435483543
3 5|2 0.235426 0.16816144 0.40358744
4 513 0.2283891 0.1473478 0.3757369
5 514 0.2211639 0.1300964 0.3512603
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Fig.-1: System Steady State Availability

CASE-III:
By taking y=r;=r,=r;=n,=z; =z,=23=2,=0 in General Model.
The system of differential equations reduces to
d
d_tl”o(t)‘F (Ne10 ™ r10 TN XN 20X p20 3 30 P M w30 T X ko T3 rk0)Po (D=0 (75)
d
T P1OF Onerr bt (=1 Mo H X1t eat P ps 3 e P i )P (H)=po (N (76)
d
P2 (O +verztxp12t (N=2) Mx ot ™ poa N eza Pz Pz P nkz) P2 () =p (H(n-1) (77)
d
2 Pk O+nc1e > et (N—F) Mot X3 par ) ezl PR3k X ke 2wk )Pk (O=Dg—; (N-K+1) % (78)
Fork=1,2,3, ........... , (n-1).
Lo (%, )+Lp, (x, )=0 79
& (%, O+ (, )= (79)
d d
L s (% - ey (3, =0 (80)
d d
d_tpCZ (X! t)"’;pcz (Xv t) :0 (81)
d t)+-2 t) =0 82
d_tpC3(X, ) Epc3(xv ) - ( )
d d
d_tka (Xv t)+a pck (Xv t) :0 (83)
d d
d_tphl(xv t)+a phl(xa t) :O (84)
d d
L (%, O+ (X, 1) =0 (85)
d d
L s (%, 4 iy (¢, 1) =0 (86)
d d
= Pric (X, O+——ppie (%, 1) =0 (87)
(0, )= (n-K)» py(t) (88)
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Pe1(0, = oo P1(Ox e (89)
Pe2(0, 0= Xioo P2 (O 2 (90)
Pe3(0, )= Xiso 3 (ncai (91)
Per (0, 9= ZiZo P (O cra (92)
Pr1(0, = Xio 1 (Oxcri (93)
Pr2(0, = Xio P2 (O 2 (94)
Pr3(0, )= X P3 (O s (95)
Pk (0, 9= X0 P D>k (96)

p;(0)=1 for i=0
p;(0)=0fori=1, 2,3, ..ccecvnvne. k
p;(0)=0 for j=n, c1, c2, c3, ck, h1, h2, h3, hk

Solving above equations using Laplace Transforms leads to the following Laplace Transforms of the Probabilities

sPo(8)-1+ (N c1o T r10+ (NFD)XN+X 20+ X3 h20 330 X130 X k0 X hio)Po (8)=0 (97)

sp1(8)-1+ (Ne11 2 p11+ (D)X o1+ X k21 P g1 X 31 X k1 F k1 )P (8)=Po (S)NX (98)

SP2(8)-1+ (Ncrzt ™ p1zt (N2 XN+ X o3 poatx ez F N paa P ko F X pie2) P2 (S)=p1 (S)(N—1) X (99)

SPr(8)-1+ (Onere F Xkt (PN X ot X pae ) ez P st N ik F ik )Pk (8) = Dre—1 () (N—k + 1) X (100)
d

[s + d—] P (X, 5)=0 (101)
d

[s + =] perx, 9)=0 (102)
d

|s + 22| Pea(x 5)=0 (103)
d

[s + 2] pesx. 9)=0 (109
d

[s + =] pee (x. 9)=0 (105)
d

|s + =] pas(x. 5)=0 (106)
d

[s + =] prz(x. 5)=0 (107)
d

[s + =] pas(x. 5)=0 (108)
d

|s + =] pu(x 5)=0 (109)

(0, 5)= (N-K)» Py (s) (110)

1 (0, S)zzlf:o Di(S)>™c1i (111)

P20, S)zzlf:o Di(S)™c2i (112)
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Pe3(0, $)=X =0 i (s) X3

Peic (0, $)=X k=0 Pi ()X i
pr1(0, 5)=Zf=o pi(S)™n1i
Pr2(0, 8)=X 0 i (S)™ hai
pr3(0, 5)=Zf=o Di(S)™n3i
Phic (0, 8)=XF_0 Di (S) ™ hii

From equation (82)

(S +xcrrtxp1rt (NFD)XN X o 3o F 31+ X R31 PR k1 F X hk1)P1(S)=Po (S) N

po(s)nx

p1(s)=

SP2(8)-1+ (Ncrzt ™ p1zt (N2 XN+ X o2 3 poatx ez F N paa P ko F X pie2) P2 (S)=p1 (S)(N—1) X

Stxc11 X 11 FM— DN N 21 FRp21 X 31 X R31 FA k1 Rk L

p1(s)(n—1)

p2(s)=

Stxc12 3 p12F(M—2) 7+ X 22 HRp22 FXe32 N p32 FA k2 H I RK2

g (n—Dxkpo (s)

P (S):H{»‘:O(Hx
Fork=1, 2, 3,4,........ (n-1)

From equation (101)
[s + d/dx]p, (x,s)=0

S+p, (X,8)+d/dx p, (x,5)=0

d/dx Pn (Xvs):'spn (X,S)

d/dxpy (x,s)__s
Pn (x.5)

Integrating both sides
d/dxpy(x,s) _(_
f—pn(m) dx = —sdx

log[pe1 (x, )Jg=-sx

Pn()]_
log [pn(O,s) =-5X

Pn(X,8)= Py (0,8)e ™
Pn(X,8)= (n-K)py (s)e ™
From equation (102)

[s + d/dx]p. (X, 5)=0

d/dxpcl (X’s):'spcl (X,S)

d/dxper(rs)_ o
Pe1(s)

Integrating both sides
log[pc1 (x, $)]5=-sX
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clit n1itXc2i N p2iTNe3i T a3 ki PN hki)

(113)
(114)
(115)
(116)
(117)

(118)

(119)

(120)

(121)

(122)
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Pc1 (xrs): —sx
pc1(0,5)

Pe1 (X,S)=Th_o i (5) Xc1i €7

Similarly
Pea(X,S)=X i i (5) Nepi €7

Pe3(X,S) =i Di(5) Nezi €7
(125)

Pere (X,S)=2hoo Di () N opi €7
(126)

Pr1(X,S)=21 o Di(S) 2p1; €7
(127)

Ph2(X,S)=2r o Di(S) Npoi €™

Pr3(X,S)=2r o Di(5) Np3; €™
(129)

Phk (X,S)=Zh_o Di (8) N ppi €
(130)

Substituting in equation (97)

sPo(8)-1+ (N crot > n10t+ (NFD)XN+X 20+ X3 p20 X302 h30 X k0N hico)Po (8)=0

(5 Xc1ot X 10t (ML) XN+X 20+ XN p20 XN e30 X130 F X cro X rico)Po (8)=1

1
St Xxc10 X r10 T DXXN 10t X 20T r20 TR 30 TR 30 TNk 0t X Rk0

po(S)=

npo(s)»
stxc11t a1t (=D +Xc21+Xp21 HXe31 331X ek 1N kL

p1(s)=

p1(s)(n=1)x
Stxc12 312 (M =27 X c22 Hrp22 X e32 N 32 Pk 2 H I RK2

~ p2(9)=

When n=2

po(s)= .

SHEXNC10 T XNR10F 27+ Xc20 FXh20 T3 30 T3 R30 T ck 0N R kO

_ 1
_S+k1
where k1:S +Xxc1ot X p10t ANES Ne20 F X202 30X w30 ko T X wko

D (S)_ 2po(s)x
1(8)=
St xc11txp11+ M txe21 P 21 P31 R31EN k1 REL
_2>po
s+ky

Where ky=s +>X.11+2p11 X + Noo1 Fpo1 Fxez1 F 31 eer F Rk

_ 2%
“(s+k1)(s+kp)

2x2po(s)

P2 (s):(s+k1)(s+k2)
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(123)

(124)

(128)

(131)

(132)

(134)

(135)
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Taking Inverse Laplace Transform to equation (134)
1
Po(S)=

s+kq

L po ()=t [

s+kq

—kqt

po(t)=e
Similarly

PO [~

k1—ky Ls+k; s+kq

-1 _ 02X -1 i1
L b1 (S) _kl—kz L [5+k2 S+k1]

The system reliability is given by
R = po(0)+p1 (1) = e 142 [e ket — e Hit]
17K2

Table: 4
S.No. | Time Po(t) Py(t) Reliability of the system
1 0 1 0 1
2 0.2 0.8251437 0.03442906 0.88657276
3 0.4 0.72614903 0.05926934 0.78541837
4 0.6 0.6187833 0.076527 0.6953103
5 0.8 0.5272924 0.0878332 0.6151256
6 1 0.449328 0.0945146 0.5438426
1.2
1 4
0.8
2
£ 0.6 -
% 4
@
0.4 A
0.2 A
0 T T T T
0 0.2 0.4 0.6 0.8 1
Time
Reliability Vs Time
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