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ABSTRACT
In this paper, we introduce the concept of connected total domination polynomial for any graph G. The

n
connected total domination polynomial of a graph G of order n is the polynomial Dm(G, X): z d, (G, i)x,
i=74(G)
where d.(G, i) is the number of connected total dominating sets of G of size i and y.(G) is the connected total
domination number of G. We obtain some properties of Dy(G, x) and its coefficients. Also, we calculate the
total domination polynomials for the complete graph K,, the complete bipartite graph K, the bi-star By, ,, the
Barbell graph B, the Lollipop graph L, and the Tadpole graph T, .

Key words: Connected total dominating sets, connected total domination number, connected total domination
polynomial.

1. INTRODUCTION

Let G = (V, E) be a simple connected graph of order n. For any vertex veV, the open neighbourhood of v is the
set N(v)={ueV/uveE} and the closed neighbourhood of v is the set N[v] = N(v)u{v}. For a set ScV, the open

neighbourhood of S is N (S): U N(v) and the closed neighbourhood of S is N[S] = N(S) U S. The maximum

veS

degree of the graph G is denoted by A(G) and the minimum degree is denoted by 8(G).

A set S of vertices in a graph G is said to be a dominating set if every vertex veV is either an element of S or
is adjacent to an element of S.

A set S of vertices in a graph G is said to be a total dominating set if every vertex veV is adjacent to an
element of S. A total dominating set S of G is called a connected total dominating set if the induced subgraph
<S> is connected. The minimum cardinality of a connected total dominating set of G is called the connected
total domination number and is denoted by y.(G).

The join of G; and G, denoted by G;vG; is a graph G with the vertex set V=V,;uV, and E=E;UE, together with
all edges joining the elements of V; to the elements of V,.

The union of G; and G, denoted by G;UG, is a graph G with the vertex set V = V,;uV; and E = E;UE,.
The corona of two graphs G; and G, is the graph G = G,0G, formed from one copy of G; and |[V(G;)| copies of

G,, where the i vertex of G, is adjacent to every vertex in the i copy of G,. The corona G o K; is the graph
constructed from a copy of G, where for each vertex veV(G) a new vertex v’ and a pendant edge vv’ are added.
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A bi-star is a tree obtained from the graph K, with two vertices u and v by attaching m pendant edges in u and
n pendant edges in v and denoted by B, .

The Barbell graph is the simple graph obtained by connecting two copies of complete graph by a bridge and it
is denoted by B,.

The Lollipop graph is the graph obtained by joining a complete graph K, to a path graph P; with a bridge and it
is denoted by L, ;.

The Tadpole graph is the graph obtained by joining a cycle graph C, to a path graph P, with a bridge and it is
denoted by T ;.

2. CONNECTED TOTAL DOMINATION POLYNOMIALS

Definition 2.1: Let G be a simple graph of order n with no isolated vertices. Let d.(G, i) be the family of
connected total dominating sets of G with cardinality i and let d(G, i) = |D(G, i)|. Then the connected total

n
domination polynomial D(G, x) of G is defined as D, (G,X)z z d,(G,1)X", where y4(G) is the
i=74(G)
connected total domination number of G.

Example 2.2: Consider the graph G given in Figure 2.1.
vV
1

G
Figure-2.1

The connected total dominating sets of G of cardinality 2 are {vi, vo}, {V1, Va}, {Vo, V3}, {V2, V4} and {vs, v4}.
Therefore, d(G, 2) = 5.

The connected total dominating sets of G of cardinality 3 are {vi, vy, Vv3}, {vi, V2, Vs},{vi, V3, V4} and
{V21 V3l V4}'

Therefore, d(G, 3) = 4.
The connected total dominating set of G of cardinality 4 is {vy, vy, V3, V4}.
Therefore, d(G, 4) = 1.

Since, the minimum cardinality is 2, y4(G) = 2.
V@)

Du(G. x) = D, dg(G,i)x".

i=7:(G)

=Z4:dm(G, i)x' .

= de(G, 2)x% + dy(G, 3)x3+ d((G, 4)x*
= 5x% + 4x3 + x*
=x* + 4x% + 5x*

D(G, x) = (1 + x)* = (1 + 4x + X2).

Theorem 2.3: For any path P, on n > 4 vertices, D (P, X) = x"2(1 + x)%

Proof: Let V(P,)={v1, Vs, V3, ..., V,}. Clearly, {vz,..., vn_l} is a total dominating set and {vz, vn_l} is
connected. Also, for any set S of cardinality less than n — 2, (S) is not connected.
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Therefore, {vz,.., vn_l} is the only connected total dominating set of cardinality n—2. Therefore, the connected
total domination number of P, is n — 2 and d¢(P,, n -2) = 1.

Also, there are only two connected total dominating sets of order n—1 namely {vi, V,... v.1} and{v,, Va,..., Vp}.
Therefore, d(P,, n—-1) = 2 and there is only one connected total dominating set of order n.

Therefore d (P, n) = 1.

Hence, Dg(Pp, X) = X" 2 + 2x"1 + x" |,
= x"?(1 + x)°.

Theorem 2.4: For any cycle C, with n vertices, D (Cp, X) = X" + nx" ™+ nx"2

Proof: Let C, be a cycle with n vertices. Clearly {vl, Voo Vo vn_z}, {vz, Vo Vo, vn_l},{vs, VeV vn},

{v4, Vo V vl},...,{vn_l, Vo Vo vn_4} and {vn, Vi Vo vn_s} are the n connected total dominating sets of

C, of cardinality n — 2. Therefore, y4(C,) =n -2 and dy(C,, n —2) = n.
Also, {V1' V... vn_z,vn_l}, {vz, Vo o VWV } {v3, V4""'Vn’V1}’ ""{Vn-1’ Voo Vo vn_g} and {vn,vl,..., Vo vn_z}

are the n connected total dominating sets of cardinality n—-1.Therefore, d.(C,, n-1) = n and there is only one
connected total dominating set of cardinality n. Therefore, d.(C,, n) = 1.

Hence, D(Cn, X) = X" 2+ nx"* + x".
Theorem 2.5: For any complete graph K, of n vertices, D (K., X) = (1 + x)" = (1 + nx).

Proof: Let K, be a complete graph with n vertices. Any two vertices of K, are connected and dominate totally
all the remaining vertices of K,,. Therefore, y.(K,) = 2

n
For any 2 <i<n, itis easy to see that d,(K,, i) = { ]
|

Therefore,

De(Ky, X) = Zn:(lnjx

i=2

Det(Kn, X) = (1 +%)" = (1 + nx).

Theorem 2.6: For a complete bipartite graph K, the connected total domination polynomial is
De(Kmn X)) =[ (1 +X)" =11 (1 +x)"-1].

Proof: Let Ky, , be a complete bipartite graph with partite sets V; and V,. Then any connected total dominating
set of K, contains atleast one vertex from V, and atleast one vertex from V,.

Therefore, yo(Kmnn) = 2.

A 1y 1 ] (ORI o
(G010 -

Det(Kmn ¥) = [(1+%)"=1][(1+x)"-1].
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Example 2.7: Consider K, 3 given in Figure 2.2.

‘u-'| 'b,':.
Lk V4 V3
Figure-2.2

The connected total dominating sets of K, ; of cardinality 2 are {vy, v3},{V1, V4}, {V1, Vs},{V2, v3 }.{Vv, v4} and

{va, vs}.
Therefore, d(Ks 3, 2) = 6.

The connected total dominating sets of K, ; of cardinality 3 are {vi, Vo, Va},{V1, V2, Va},{V1, Vo, V5},{V1, V3, V4},
{vi1, v, Vs}, {V1, V4, Vs}, {V2, V3, Va}, {V2, V3, vs}and {v,, V4, Vs}.

Therefore, d.(Kz 3, 3) = 9.

The connected total dominating sets of K,; of cardinality 4 are {vi,v,,V3,Va},{V1,V2,V3,Vs},{V1,V2,V4,Vs5},
{Vl,Vg,V4,V5}and {Vz,Vg,V4,V5}.

Therefore, d (K3, 4) = 5.
The connected total dominating sets of K, 3 of cardinality 5 is {vi, v, V3, V4, Vs}.
Therefore, d(K;3,5) = 1.

Since, the minimum cardinality is 2, y.(K33)=2.
V(K; 3]

Dar(Koz ¥) = Y dg (G, i)x'.

i=74(G)

5
= >y (K, D)X
i=2
= det(Ka,3 2)X2 + det(Kz 3, 3)X3 + de(Kas, 4)X4 + det(Kz,3 5)X5-
= 6x% + 9 + 5x* + x°.
= (2x + x%) (3x + 3x% + x°).
Der(Kza, X) = [(L+ %)= 1] [(1 +x)° - 1].
Theorem 2.8: For any star graph K; , with n+1 vertices, where n>2, D¢(Kyn, X) = x[(1 + x)" - 1].
Proof: Let K;, be a star graph with n+1 vertices and n>2. By labeling the vertices of K;, as vi, Vz,..,Vps1,
where v, is the vertex of degree n, then clearly there are n connected total dominating sets of cardinality two
namely {vi, Vo}, {v1, va}, {V1, V4},..., {V1, Vo+1}. Similarly for the connected total dominating sets of cardinality
three, we need to select the vertex v, and two vertices from the set of vertices {v,, vs,..., Vq:1}
n
Therefore, there are ( j connected total dominating sets of cardinality three. Proceeding like this, we obtain
2

the other connected total dominating sets of cardinality 4,5 ..., n + 1.

Hence,

Der(Ky, ¥) = nxu(;jxu@x4+...+(:jxm .
Q)0
{271

Dct(Kl,n: X) = X[ (1 + X)n - 1] .
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Theorem 2.9: Let G; and G, be two graphs with no isolated vertices of orders m and n respectively. Then,
Det(G1v Ga, X) = Det(Gy, X) + Dut(Gg, x) + [(1 + x)™ =1][(1 + x)" - 1].

Proof: From the definition of G,vG,, if S; is any connected total dominating set of G4, then S; is a connected
total dominating set of G;vG,. Similarly if S, is any connected total dominating set of G,, then S, is a
connected total dominating set of G;vG,. Also, the sets consist of any one vertex of G; and any one vertex of
G,, form the connected total dominating sets of G, v G, of cardinality two. Therefore, the number of connected

m\(n
total dominating sets of cardinality two are( j( ] Similarly, the number of connected total dominating sets
1 1

m\(n n\( m
of cardinality three other than the first two cases is [1 j(zj + [1}(2 j Proceeding like this, we obtain the

other connected total dominating sets of cardinality 4, 5,..., m + n,

Therefore,

o (1) [0 (O
L))
DO X R A )
R R

Dei(G1 v Ga, X) = Dat(G1, X) + Dee( Gz, X) + [(1 + %)™ =1] [(1 + x)" - 1]

>

;//—\\
N3
N—
I—I

Al

=
—
+
Y
N >
N—
><r\:
+
+
=) =)
N——
><j
| I

Example 2.10: Consider the join G = G;vG, of two graphs Gy = {vy, vy, vs} and G, = {v,, Vs, Vs, V7}.

v Ve Vy Wy
P —
_—
, ¥y Y7 Yo
L‘I G
¥ Va ¥
Vi '|-r|'-: Vi v

f_i| W U|
Figure-2.3

dct(Gll 2) = 2

dct(Gll 3) = 1

Therefore, De(Gy, X) = 2x% + x*

da(Gy, 2) = 1.

dCt(GZy 3) = 2

dct(GZI 4) = 1

Therefore, De(G, X) = X% + 2 + x*.
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det(G1 v Gy, 2) = 15.
det(Gy v Gy, 3) = 33,
det(G1 v Gy, 4) = 34.
det(Gy v Gy, 5) = 21.
det(G1 v Gy, 6) = 7.
det(Gy1 v Gy, 7) = 1.
Therefore,
DGy v Gy, X) = 15x% + 33x% + 34x* + 21x° + 7x° + x'.

= (232 +x3) + ¢+ 23+ xY) + (Bx + 3% + X°) (4x + 6x% + 4x* + xY).

Det(G1 v Gy, X) = Det(G1, X) + Det(Ga, X) + [ (1 +x)° =171 [ (L +x)* - 1].

Theorem 2.11: Let By, be a bi-star with m+n +2 vertices. Then the connected total domination polynomial of
Bunn IS Det(Bma, X) = X2(1 + x)™".

Proof: Let Bn, be a bi-star with m+n+2 vertices. Label the vertices of Bn, aS Vi, V2, Va,...; Vi, Ve,
Vim+2,---» Vmen+2 @S given in Figure 2.4,

I|"I|I'|
Y+ 042

- —y %
T me:
'\\,-'I ] I|"II]“'_

Ve Vinhd

ik
Y

BI'I‘I..I'I
Figure-2.4

Then the set {Vn:+1, Vms2} iS the only unique minimum connected total dominating set of cardinality 2.
Therefore, yet(Bmn) = 2 and dc(Bm,n, 2) = 1.

It is obvious that the other connected total dominating sets must contain the two vertices vp.; and vy,.,. Hence,

m+n N - N
there are ( j connected total dominating sets of cardinality three and (m+n] connected total dominating
1 2

sets of cardinality four. Proceeding like this, we obtain (m+nJ connected total dominating sets of cardinality
m+n

m+n+2.

Hence,

+ + +
Dct(Bm,na X):X2+ m+n X3+ m+n X4+,,,+ m+n Xm+n+2
1 2 m+n
=2 m+n m+n 2 m+n
=X|1+ X+ X“+...+X .
1 2

Dct(Bm,n, X) = X2 (1 + X)m+n .

Corollary 2.12: Let B, , be a bi-star with 2n+2 vertices. Then the connected total domination polynomial of
Bn,n is Dct(Bn,na X) = XZ (1 + X)Zn .
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Theorem 2.13: For a Barbell graph B, with 2n vertices, the connected total domination polynomial is
Dot (BnX) = X*(L + x)*"2,

Proof: Let B, be a Barbell graph with 2n vertices. Label the vertices of B, as vy, Vy, Vs,..., Vi, Vpe1,...,V2n @S
given in Figure 2.5.

Bn
Figure-2.5

Then the set {v,, vn+1} is the unique minimum connected total dominating set of cardinality 2. Therefore,
Yet(Bn) = 2 and D¢t (By,2) = 1.

It is obvious that the other connected total dominating sets must contain the two vertices v, and vp.1.
2n-2 2n-2

Hence there are
1 2

j connected total dominating sets of cardinality three and ( ] connected total

2n-2

dominating sets of cardinality four. Proceeding like this we obtain [
2n—2

j connected total dominating sets of
cardinality 2n.

Hence,

D¢t (Bnx) = 2+ M-2) 3, (2N=2) e fon-2) s, 4 (20-2)
1 2 3 2n -2

- X [1+ n-2), . 2n -2 Wi [2-2)3 4 2n—-2 X2,
1 2 3 2n-2

Det (BnX) = X* [(1+x) *™7]
Theorem 2.14: For a Lollipop graph L, with n+1 vertices, the connected total domination polynomial is
Dct (Ln,ly X) =X [(1 + X)n - 1]-

Proof: Let L, be a Lollipop graph with n + 1 vertices. Label the vertices of L, as vy, Vy,...,Vn, Vs, Where v,
is the vertex of degree n + 1 and v, is the vertex of degree 1 as given in Figure 2.6.

I—n,l
Figure-2.6

Then, clearly there are n connected total dominating sets of cardinality two namely {vi, vp}, {Vv2, Vo}, ...,
{Vi-1, Vo}, {Vn, Vns1}. Similarly, for the connected total dominating sets of cardinality 3 we need to select the

. . n
vertex v, and two vertices from the set of vertices {vy, Vy,...,Vq.1, Va1 }. Therefore, there are( j connected
2
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total dominating sets of cardinality three. Proceeding like this, we obtain the other connected total dominating
sets of cardinality 4, 5,..., n +1.

Hence,

Det (Ln1,X) = n X2+ S IV L VOO L IV L
2 3 4 n

e (Jefa) e (e (o
(50

Dct (I—n,l ,X) =X [(1 X )n - 1]-

Theorem 2.15: For a Tadpole graph T,; with n+1 vertices, the connected total domination polynomial is
Det (Tog, X) = (n=2) x"2+ (2n = 3) x™* + nx" + x™*,

Proof: Let T, be a Tadpole graph with n+1 vertices. Label the vertices of T, as vy, Va,...,Vy, Voeg Where v, is
the vertex of degree 3 and v,.; is the vertex of degree 1 as given in Figure 2.7.

Vol

Varkl

)

Tn,l
Figure-2.7

It is obvious that every connected total dominating set must contain the vertex v,. Hence there are n-2
connected total dominating sets of cardinality n-2 and n-2 is the minimum cardinality.

Therefore, yo(Tn 1) =n—2and d¢t (T3, N-2) =n -2,

Also, there are 2n-3 connected total dominating sets of cardinality n—-1, n connected total dominating sets of
cardinality n and there is only one connected total dominating set of cardinality n + 1.

Hence, D¢ (Tp1, X) = (n—2) x"2+ (2n = 3) X"~ 1+ nx" + x",
3. COEFFICIENTS OF CONNECTED TOTAL DOMINATION POLYNOMIAL

Theorem 3.1: Let G be a graph with [V(G)| = n. Then
(i) da(G,n)=landdy(G,n-1)=n-1if2<3§ (G).
(i)  dg(G, 1) =0 ifand only if i <y4(G) ori > n.
(iii) D¢(G, x) has no constant and first degree terms.
(iv) Let G be a graph and H be any induced sub graph of G. Then deg (D(G, X)) > deg(D(H, x)).
(v) Du(G, x) is a strictly increasing function in [0, «).
(vi) Zero is aroot of Dy(G, x) with multiplicity y.(G).

Proof:

(i)  Since G has n vertices, there is only one way to choose all the vertices. Therefore, d.(G, n) = 1.

If we delete one vertex from V(G), then the subgraphs induced by the remaining n-1 vertices are
connected and dominate totally only if 6(G) > 2. Therefore, d(G, n - 1) = n-1if 5(G) > 2.

(if)  Since Dy(G, i) = ¢ if i < y4(G) and Dy(G, n+k) = ¢, k=1, 2, 3, .. ., we have
da(G, 1)) =0 ifi <yy(G)andi>n.

(iii) A single vertex cannot dominate totally itself. So, the set of all vertices of G is dominated totally by
atleast two of the vertices of G. Hence, the total domination polynomial has no constant term as well as
first degree terms. Therefore, the connected total domination polynomial also has no constant term as
well as first degree terms.
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(iv)  Since the number of vertices in H < number of vertices in G, deg (D(H, X)) < deg(D¢(G, x)).
The proof of (v) and (vi) follows from the definition of connected total domination polynomial.

Theorem 3.2: For every natural number n, the connected total domination polynomial Dy(K;,, X) has no
non-zero real root for odd n and only one non-zero root for even number n.

Proof: The connected total domination polynomial of Ky , is De(Kyn, X) = x[ (1 +x)" - 1].
Let f,(x) = (1 + x)" =1. It is enough to prove that f,(x) = 0 has no non-zero real root for odd n and only one non-

zero real root for even n. The roots of f,(x) = 0 are x=[cos[2_k“j_1} i sin [Z_W‘J k=0,1,2,..,n-1 Clearly
n n

|x|<2. Therefore, all the roots of this polynomial lie within a circular disc of radius 2. When n is odd,

sin (&) 0, k=0,1,2,..., n-1. Therefore all the roots are complex. When n is even, sjn (Z_k“j =0, only

n n

n . .
for k=§ The corresponding root is a non-zero real. Therefore, f,(x) has only one non-zero real root for even n.

4. CONNECTED TOTAL DOMINATION POLYNOMIAL OF G 0 K;

Theorem 4.1: Let G be any connected graph with n vertices. Then,
DG 0 Ky, X) = x"(1 + x)".

Proof: Since G has n vertices, G © K; has 2n vertices. Clearly {vi, V,,...,v,} is the minimal connected total
n

dominating set of GOK;. Therefore, y,(GOK;) = n. It is easy to see that there are [ jpossibilities of connected

i
total dominating sets of cardinality n + i. Hence,

n +1 n +2 2
D(G O Ky, x) = x" + X"+ X"+ X
1 2
n n
x"| 1+ X + X+ x|,
1 2
n (n
Xn {Z(. ]X}.
izo \

De(G © Ky, x) =x"(1 + x)".

Example 4.2: Consider G © K, given in Figure 4.1

Figure-4.1
det(GOKy, 3) = 1.

d(GOKy, 4) = 3.
d(GOK, 5) = 3.
d(GOKy, 6) = 1.
Dc(GOKy, x) = x3+3x*+3x°+x°.
= x3(1+3x+3x%+x%).

Dc(GOKy, x) = x3(1 + x)*.
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Theorem 4.3: Let G be any connected graph of order n. Then Dct(GOK_m, x) = x"(1 +x)™.

Proof: Since G has n vertices, GOK = has n(m+1) vertices. Clearly {vi, Vy,...,v,} is the minimal connected

mn

total dominating set of GOK_m. Therefore, yct(GOK_m) = n. It is obvious that there are ( j connected total

i
dominating sets of cardinality n + i, where 1 <i < mn. Hence

Xn + mn Xn+l + mn Xn+2 + o+ Xnm+n
1 2
mn mn
x"| 1+ X + X2 4.+ x™ .
1 2

De(GOK_, x) = X"(1 + X)™.

Da(GOK ., X)

Example 4.4: Consider GOK_3 given in Figure 4.2.

(2%
=]
~l
-1
e
=)
a

G.K,
Figure-4.2
De(GOK, , X) =x°(L +x)°
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