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ABSTRACT

Let G= (V, E) be a connected graph. A two out degree equitable dominating set D of a graph G is called the
neighborhood connected two out degree equitable dominating set (nc2oe-set) if the induced sub graph <N(D)> is
connected. The minimum cardinality of a neighborhood connected two out degree equitable dominating set is called
neighborhood connected two out degree equitable domination number of G and is denoted by y,,.,,. (G). In this paper
we initiate a study of this parameter and we are going find y,,.,. (G) for some standard graphs.
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INTRODUCTION

By a graph G= (V,E) we mean a finite , unordered with neither loops or multiple edges the order and size of G are
denoted by p and g respectively. For graph theoretic terminology we refer to Chartand and Lesniak [5]. A subset D of V
is called a dominating set if N[D]=V. The minimum (maximum) cardinality of a minimal dominating set of G is called
domination number (upper domination) number of G is denoted by y(G)[I'(G)]. An excellent treatment of the
fundamentals of domination is the book by Haynes etal [8]. A survey of several advanced topics in domination is given
in the book edited by Haynes et al. [9]. Various types of domination have been defined and studied by several authors
and more than 75 models of domination are listed in the appendix of Haynes et al. [9]. Let v €V the open neighborhood
and the closed neighbourhood of v are donted by N(v)={u eV, uveE } and N[v]= N(v) U v respectively. If Dc V then
N(D) =U,ep N(v) and N[D]= N(D) u D. If Dc V then ve D then private neighbor set of u with respect to D is defined
by B,[u,D] = {v: N[v]nS = {u}}

Sampth Kumar and Walikar [4] introduced the concept of connected domination in graphs. A dominating set D of G is
called connected dominating set if the induced subgraph <D> is connected. The minimum cardinality of a connected
dominating set of G is connected domination number of G and is denoted by y,(G). S.Arumagam and C.Sivagnanam
[3] introduced the concept of neighborhood connected domination in graphs. A dominating set D of connected graph G
is called neighborhood connected dominating set (ncd-set) if the induced sub graph <N(D)> is connected. The
minimum cardinality of a ncd-set D is called neighborhood connected domination number and it is denoted by y,,. (G).
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Let G= (V, E) be a graph DSV and v be any vertex in D. The out degree of v with respect to D is denoted by od (v)
and is defined by odp(v) = [N(v) NV — D|. Let D be a dominating set of a graph G=(V,E) then D is called an
equitable dominating set of type 1 if |odp (v1) — odp(v;)| < 1 for all vy, v, € D. The minimum cardinality of such a
dominating set is denoted by y.q, () called the 1- equitable domination number of G[2]. A.Sahal and V.Mathad [1]
introduced the concept of two out degree equitable dominating set in graphs. A dominating set of D in a graph G is
called a two out degree equitable dominating set if for any two vertices u,v € D, |odp(u) —odp(v)| < 2. The
minimum cardinality of a two out degree equitable domination number of G is denoted by y,,. (G). An two out degree
equitable dominating set D of connected graph G is called an connected two out degree equitable dominating set if the
induced sub graph <D> is connected.[6] The minimum cardinality of connected two out degree equitable dominating
set is called connected two out degree equitable domination number G and it is denoted by y.,,. (G).

2. NEIGHBORHOOD CONNECTED TWO OUT DEGREE EQUITABLE DOMINATION NUMBER

Definition 2.1: A two out degree equitable dominating set D of a graph G is called the neighborhood connected two out
degree equitable dominating set (nc2oe-set) if the induced sub graph <N(D)> is connected. The minimum cardinality of
a neighborhood connected two out degree equitable dominating set is called neighborhood connected two out degree
equitable number of G and is denoted by ¥, 20e (G).

Example 2.2: Let G be a graph as in the figure 1, we can find the neighborhood connected two out degree equitable
domination number

2 1 6 7
Fig 1
Let us consideraset D = {1, 3, 6, 7} and V-D= {2, 4, 5}
odp(1) =IN1)n{2,4,5}| =1
0dp(3) =INB)N{2,4,5}| =2
odp(6) = |N(6)N{2,45} =1
odp(7) =IN(7)n{2,45} =1
Then Clearly for any u,v € {1,3,67} such that |odp (1) — odp (V)| < 2.
D= {1, 3, 6, 7} is two out degree equitable dominating set
N(D)= N(1) U N(3) U N(6) U N(7) ={2,4,5}

<N(D)> = {2,4,5} is nc2oe-set and D={1,3,6,7} is minimum neighborhood connected two out degree equitable
dominating set

Vnc2oe (G):4

Theorem 2.3: A super set of an nc2oe — set is a nc20e- set.

Proof: Let D be a nc2oe-set of a graph G and D; = DU{v} whereve V — D.

Since D is a dominating set v € N(D) and then D, is dominating set

Since every super set of two out degree equitable dominating set is two out degree equitable dominating

Then D, is also a two out degree equitable dominating set

Now letx,y € N(D;) = N(D) UN(v)

If X, y € N(D) and D is a nc2oe-set then for any x — y path in N(D) isa x — y path in N(D;)

Ifxe N(D)andy & N(D), theny € N(v) and any x — v path in N(D) followed by the edge vy is x — y path in N(D;)

Ifx,y € N(D) then (x, v, y) isax — y path in N(D;)
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Thus N(D,) is connected so that D; nc2oe-set of G.
Theorem 2.4: A nc2oe D of a graph G is minimal nc2oe if and only if for every u € D one of the following holds
1) pulu,D]# @
2) There exist two vertices X,y € N(D) such that x —y path in <N(D) > contains at least one vertex of
N(D) = N(D — {u}).

Proof:
Let D be a minimal nc2oe-set of G.

Letue D, D; = D — {u} and D; is not nc2oe-set

Then D, is not dominating set of G, or <N(D;) > is disconnected

If D, is not dominating set of G then p, [u, D] # @

If <N(D,) > is disconnected then there exists two vertices x, y € N(D; ), such that there is no x — y path in <N(D,) >

Since < N(D) > is connected it follows that every x —y path in <N(D) > contains at least one vertex of
N(D) — N — {u}).

Conversely, If D is a nc2oe-set of G satisfying the above conditions of the theorem then D is 1-minimal and hence the
result by above theorem 2.3

3. NEIGHBORHOOD CONNECTED TWO OUT DEGREE EQUITABLE DOMINATION NUMBER FOR
SOME STANDARD GRAPHS

Observation 3.1: For any graph G with n vertices, 2< ¥,,020. (G) < p
Theorem 3.2: If G is a star then y,,. 5, (k1,) = p — 2

Proof: Let V={v,uy, u, ...u, } be the vertices set of k, ,

Let D= {v,uy, u; ..., _,} be a domination set of G and V — D= {u,,_y,u, }

Now, veD then odp(v) = [N(v) NV — D|
= |{u1,u2 ...up_l,up} n {up_l,up}|
= {wp-1 1w}l =2

Now, u;eD then odp(u;) = [IN(w;) NV —D|
= 1w} N {wp -1, )|
=0 =0
Then |odp (v) — odp(w;)| < 2. Forany u;e D
So D is two out degree equitable dominating set , N(v)= {uq, u, ..., } N (u;) = vforallu; e D
N(D)=V since <V> is connected

<N(D)> is connected

So D is a nc2oe-set and D be minimal nc2oe set

then Yuczoe (kip) =0 —2

Theorem 3.3: The nc2oe number of a complete graph is 2, i.€ ¥,.c20e (kp) =2
Proof: Let V={uy, u, ...u, } be the vertices set of k,

Let D= {uy, u,} be a dominating set of G and V-D={us, uy ... u, }
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Now, u;eD then odp(u;) = [N(w;) NV — D]
= |{u2,u3,u4 ...up} n {u3,u4 ...up}|
=|{us, ug ... u, }=p-2

Similarly odp(uy) =p — 2

Then |odp (uy) — odp (uz)| < 2. For any u;, uje D

So D is two out degree equitable dominating set and N (u;) = v for all u; e D
N(D) =N(u1) U N(uz)

={up, uz, Uy Uy} U {Uug, Uz, Uy Uy}
= {ul,uz ...up} =V

<N(D)>=V and <V> is connected in k,

So <N(D)> is connected
Ync2o0e (kp) <2 and ZS Ync20e (kp)

Then Vnc2oe (kp) =2

Theorem 3.4: The nc2oe number of a complete bipartite graph is
_ 2 if lIr—t| <2
Vne2oe (kr't) - {r +t otherwise

Proof: Let V={uy, u;, u3 ...u,, vy, v, v3, ... v, } be the vertices set of k, . and {uy, up, u3 ...u, } and {vy, v, v3, ... v, } be
the partition of V.

Case-(i): [r—t| <2
Let D= {u;, v; } be a dominating set of G and

V-D:{ul,uz,u3 e Ui g, Uiy g oo Uy, V1, Vo, V3, Vi1, Vg ...vt}

Now, u;eD then odp(w;) = [N(u;)) NV — D|
=|{vy, vy, vs, wVi_1) Vi1 w0} N {Ug, Uy U o Ui, Uiyq e Uy, Yy, Vo, Vs, Vo1, Vi1 .}
=[{v1,v2, V3, . V1, V41 - Ve HFEL

if vieD then odp(v;) = IN(y) NV — D|
={ug, Up, Uz e Uy g, Uy e U} N {0y, U, Us o Uy, Uiq e Uy, V1, V2, V3, wVi_1, Vg1 .}
={uq, up, Uz Ui, Ujpq U FEI-L

|0dD(ul-) - odD(vj)| =[t—-1-r+1|<2
Then |odp (u;) — odp (v;)| < 2. For any u;, vje D
So D is two out degree equitable dominating set
N(D)=N(u;) U N(v;)

=V
<N(D)>=V and <V> is connected in k,, ,

So <N(D)> is connected
VYnc2oe (kr,t) < 2 and ZS Ync20e (kr,t)
Ync2o0e (kr,t) =2

Case-(ii): |[r—t|=2andrt=2

Let V={uy, uy, u3 ... uy, v1, v, v3, ... v, } be the vertices set of k,.
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Let D={uy, uy, u3 ... Uy, v1, v, v3, ... v, } be the dominating set of k, ,
And V-D= ¢

Clearly V is nc2oe-set

Then Vocaoe (Krp) ST+ tand 7+ € < Vneaoe (ki)

Then Vnc2oe (kr,t) =r+t

,_
SRS

p = 3 (mod 4)
Theorem 3.5: For any cycle Cp then y,,.2. (Cp) =

—_—
NS

] otherwise

Proof: Let V={uy, u, ...u, } be the vertices set of Cp

Let D be two out degree equitable dominating set of Cp

D if p=0(mod4)
Let D, = DU{vp} if p=1or2(mod4)
Du{v,_1} if p=3(mod4)

Clearly D; is nc2oe-set of Cp then <D> contains atmost one isolated verteces

¢, if p=0(mod4)

pp—l otherswise

And <N (D)>= {
Then <N (D)>is connected

lg p = 3 (mod 4)
2

Hence IDl 2 Vnc2oe (CP) = P .
H otherwise

Hence theorem

Theorem 3.6: The neighborhood connected two out degree equitable domination number of Peterson graph is 5

Proof:

Figure-2

Let us consider D={0,1,2,7,9} or D= {3,4,5,6,8}
IfD={0,1,2,7,9}and V-D = {3, 4,5, 6, 8}
NOW OdD(O) = 1, OdD(l) = 1, OdD(Z) = 1, OdD(7) = 1, OdD(g) =1

So D is minimal two out degree equitable dominating set

© 2015, IJMA. All Rights Reserved
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And <N(D)> = < V> is connected
Vnc2oe (G):5

Theorem 3.7: For any Path B, ¥nc20e (B,) = E]

Proof: Let P,={vy,v;,v5 ...7,}
If pnot =1 (mod 4)
Then D= {v;,j = 2k, 2k + 1and k is odd}

Since G is path, then deg (v) < 2, clearly D is neighborhood connected two out degree equitable dominating set. set
N<D> is connected

So D is a nc2oe-set of B,
If p=1(mod 4)

Then D; = D U {v,_} is aa nc2oe-set of P,
p

Hence Ync2oe (Pp)S [5]

Since Ve (G) = [g] and Vnc (G) = Vnc2oe (G)

We have [2| < ¥ucz0e (B) and [5] < Yiczoe (B)
Ync2o0e (Pp) = [g]

Theorem 3.8: For the Wheel W, the neighborhood connected two —out degree equitable domination number is:

2 ifp=45
yncZoe(VVp){p_4 lf p26

Proof: Let W, be a when with m-1 vertices on the cycle and a single vertex at the center.

Let V (W,) = {u,vy, v, v3..v,_1}, Where u is the center and v; (1< i < p — 1) is on the cycle. Clearly deg (v;) = 3
forall1<i<p-—1anddeg (u)=p— 1.

Clearly p= 4. We have the following cases

Case-1: p=4and5
If p=4 then W, forms a complete graph then by theorem 3.1 y,5,. (W,) = 2

If p=5. Let us take D= {u, v;} and V-D = {v;, v}, ... ;_1, V;41 ... Vp—1 } SINCE U is adjacent with v; for all i 1<i < 4,
V-D c N (u)so N(uynV-D c V-D
odp(w)=|N(u)n V-D| = |V-D|=3

Now for v,
Since deg (v;) =3 and v; is adjacent to ueD then N (v;) = {u, v;, v, } and N (v;)n V-D={v;, v }

OdD (Vl'): |N(U)ﬂ V'Dl = 2
lodp (1) — odp(v;)| = 1 < 2 and clearly <N(D)>= V is connected
So D is neighborhood connected two degree equitable dominating set

Hence Ync2oe (Vl/p) <2 and 2< Ync2oe (Vl/p)

Hence Vnc2oe (va) =2
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Case-2: p=6
In this case deg (u) =p, while deg (v;) =3 forall i, 1< i <5,

Let us take D={u, vy, v,, v3...,_4, } be @ dominating set and V — D = {v,,_3,v,_, v,_1} Since u is adjacent with v;
for all i, V-D < N(u)

So N(u)nV-D c V-D

odp(w)=IN(u)n V-D| =4

Now for v; and v

If v; and v; is adjacent N(v;)= {u, v;, v } and N(u)n V — D= {v; }
OdD(vl' ): |N(U)ﬂ V - Dl = 1

If v; and v; are not adjacent but v; and v; are adjacent with u so N(u)n V-D contains two elements so
OdD (Vl'): |N(U)ﬂ V - Dl = 2

So for any elements u,v € D
lodp (w) — odp (v)| < 2 and clearly <N(D)>=V is connected

So D is neighborhood connected two degree equitable dominating set
Hence Ync2oe (Vl/p):p —4

Theorem: 3.9: For the double starS, ., the neighborhood connected two —out degree equitable domination number is:
Ync2oe (Sr,t): r+t

Proof: Let {u, uq, up, us ... u,, v, vy, v,v3 ... v, } are the vertices of S, , and all u; is adjacent to u and v; is adjacent to v.
Here { uy, uy, u3 ... u,, v, v, 03 ... v, } be the isolated vertices and D= {u, v} is support vertices and is connected
So let us take D={ uq, uy, u3 ... u,, vy, V305 ... v,y and V. — D ={u,v}

Since every vertices has one neighborhood so clearly D is two out degree equitable dominating set N(u;)=u and
N(v;)=v for all i. <N(D)>= <u, v> is connected y,c20¢ (S, )=7 + t

Theorem 3.10: Let T be a tree with two pendent vertices and two support vertices then  ¥,,.20. (T) =p — 2
Proof: Let T be any tree of order at least two.

Let V(T)={vy, v, .. v}

If there exists two pendent vertices {vy, v, } which is adjacent to two support vertices {v,, v,_} respectively
Let D= {v,, vz ... v,_1} and V-D= {vy, v, }

Clam D is two out degree equitable dominating set

Since G is a tree and V-D= {vy,v,} are pendent vertices

Since D is connected and {v,, v,,_;} is support vertex to {v;, v,} then D is dominating set

Let v; € D such that v; is support vertex and each support vertex adjust vertex then odp (v;) = N(v,)) NV —-D|=1
Let v; € D such that v; is not support vertex so

odp(v;)) =[N(w)NV—-DI|=0

lodp(w) — odp (V)| < 2

So <N(D)> is connected two out degree equitable dominating set and D is minimal neighborhood connected two out
degree equitable dominating set

Hence V200 (T) = p — 2.
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