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ABSTRACT 
In this paper, we introduce a solution of second kind Volterra integral and integro-differential equations by a 
numerical approach based on homotopy analysis method (HAM). From the computational point of view, we have 
compared the exact solution and homotopy analysis method solution and also shown the effectiveness of the method 
and conveniency for solving second kind Volterra integral and integro-differential equation. 
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1. INTRODUCTION 
 
Volterra integral equation arise in engineering, physics, chemistry and biological problems such as parabolic boundary 
value problems, the spatio-temporal development of the epidemic, population dynamics and semi-conductor device. 
Many initial and boundary value problems associated with the ordinary and partial differential equations can be cast 
into the Volterra integral equation types. The Volterra integral equation was first used by Vito Volterra [36] in 1884. 
 
Many mathematical formulation of physical phenomena contain integro-differential equations, these equations arise in 
fluid dynamics, biological models and chemical kinetics; such as glass-forming process, nano-hydrodynamics, heat 
transfer, diffusion process in general, neutron diffusion and biological species coexisting together with increasing and 
decreasing rates of generating, and wind ripple in the desert. This type of equations was introduced by Volterra for the 
first time in the early 1900. Volterra investigated the population growth, focussing his study on the hereditary 
influences, where through his research work the topic of integro-differential equations was established. 
 
A variety of analytic and numerical methods have been used to solve Volterra integral equations. For Example, Taylor 
series expansion method is used for second kind Volterra integral equation in [25]. Application of Collocation method 
on Volterra integral equations are investigated in [8, 9]. In [40] Variational iteration method is applied to solve integral 
equation. [26] used Chebyshev polynomials to find numerical solution of nonlinear Volterra integral equations of the 
second kind. Numerical solution of the second kind Volterra integral equation using an expansion method is found in 
[30], A new approach to solve Volterra integral equation by using Bernstein's approximation is employed in [27]. 
Application of Adomian decomposition method to solve integral equations are found in [37, 38]. 
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Integro-differential equations are usually difficult to solve analytically so it is required to obtain an efficient 
approximate solution. Therefore, they have been of great interest by several authors. In literature, there exist many 
numerical and semi-analytical-numerical techniques to solve Integro-differential equation. For Example, Wavelet-
Galerkin method (WGM) to solve integro-differential equation can be found in [6]. Comparison between Wavelet-
Galerkin method and Adomian decomposition method to solve integro differential equation is found in [12]. In [31] 
Lagrange interpolation method is applied to solve integro-differential equation. The Tau method is applied to the 
integro-differential equation in [16]. Application of Adomian's decomposition method on Integro-differential equation 
are investigated in [14, 38, 39]. [23] used Taylor polynomials to solve high-order Volterra integro-differential equation. 
In [24] rationalized Haar functions method is applied on system of linear integro-differential equations. In [5, 10] 
integro-differential equation is studied by using the differential transform method. Solution of forth-order integro-
differential equation using variational iteration method can be found in [34]. In [32] Collocation method is used to 
solve fractional integro-differential equation. Application of He's homotopy perturbation method to solve Volterra 
integro-differential equation are found in [11, 13]. 
 
The Homotopy Analysis Method (HAM) is useful for obtaining both a closed form and the explicit solution and 
numerical approximations of linear or nonlinear differential equations and it is also quite straightforward to write 
computer codes. This method has been applied to obtain a formal solution to a wide class of stochastic and 
deterministic problems in science and engineering involving algebraic, differential, integro-differential, differential 
delay, integral and partial differential equations. This method has been firstly employed by Liao [18]-[22] in 1992. In 
recent years, many researchers have been successfully applying HAM to various nonlinear problems in science and 
engineering. For example, Homotopy analysis method is applied on Kawahara equation in [2]. Application of 
homotopy analysis method to solve nonlinear equation arising in heat transfer is found in [1]. [4] investigated the 
application of Homotopy analysis method for linear integral equations. This method is employed to find the convergent 
solution of nonlinear Klein-Gordon equation in [7]. The applications of this method on fractional diffusion-wave 
equation are found in [17]. A comparison between homotopy analysis method and homotopy perturbation method is 
presented in [15]. In [3] generalized Hirota-Satsuma coupled KdV equation is studied by using homotopy analysis 
method. This method is used to solve quadratic Riccati differential equation in [35]. The application of this method on 
Burgers-Huxley equation can be found in [28]. This method is modified to solve nonlinear boundary value problems 
arise in fingero-imbibition phenomenon in double phase flow through porous media in [33]. 
 
The present work is aimed at producing analytic and approximate solutions which are obtained in rapidly convergent 
series with elegantly computable components by the homotopy analysis method. It is well covered in the literature that 
the homotopy analysis method provides the solution in a rapidly convergent series where the series may lead to the 
solution in a closed form if it exists. The rapid convergence of the solution is guaranteed by work done by [29]. The 
homotopy analysis method provides an analytical solution by using the initial condition only. It produces an efficient 
explicit solution with high accuracy and minimal calculation. The homotopy analysis method proved by many authors 
to be reliable and promising. It can be used for all types of differential equations, linear or nonlinear, homogeneous or 
inhomogeneous. The technique has many advantages over the classical techniques. It avoids perturbation in order to 
find solutions of given nonlinear equations. In some cases it is impossible to find the exact values of the components of 
the solution. Thus we have to approximate the components numerically. 
 
In this paper, we propose homotopy analysis method to solve second kind Volterra integral and integro-differential 
equations. We have introduced that the HAM is very powerful and efficient technique in finding analytical solutions for 
wide classes of second kind Volterra integral and integro-differential equations. 
 
The organization of this paper is as follows. 
 
In Section 2, we review the HAM, which is used to solve integral and integro-differential equations. Four numerical 
experiments are introduced in Section 3 and we have shown the graphical representation between exact solution and 
3rd-order approximate solution homotopy analysis method using MATLAB (R2009a). Remark and Conclusion are 
given in Section 4 and Section 5 
 
2. DESCRIPTION OF HOMOTOPY ANALYSIS METHOD 
 
Consider 
𝑁𝑁[𝑢𝑢(𝑥𝑥)] = 0;                                                                                                                                                                                         (1) 
where, 𝑁𝑁 is nonlinear operator, 𝑢𝑢(𝑥𝑥) is an unknown function of independent variable 𝑥𝑥. 
 
Let 𝑢𝑢0(𝑥𝑥) denote an initial approximation of 𝑢𝑢(𝑥𝑥) and 𝐿𝐿 denote an auxiliary linear operator with the property, 
𝐿𝐿[𝑓𝑓(𝑥𝑥)] = 0 when 𝑓𝑓(𝑥𝑥) = 0                                                                                                                                             (2) 
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Liao [19] constructs the so-called zero-order deformation equation 
(1 − 𝑞𝑞)𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑥𝑥)] = 𝑞𝑞ℎ𝐻𝐻(𝑥𝑥)𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)];                                                                                                         (3) 
 
where, 𝑞𝑞 ∈ [0, 1] is an embedding parameter, 𝜑𝜑(𝑥𝑥, 𝑞𝑞) is a function of 𝑥𝑥 and 𝑞𝑞, ℎ is a non-zero auxiliary parameter and 
ℎ(𝑥𝑥) is a non-zero auxiliary function. 
 
When 𝑞𝑞 = 0, we have, 
𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑥𝑥)] = 0. 
 
Using Eq. (2), we get 
𝜑𝜑[(𝑥𝑥; 𝑞𝑞)]𝑞𝑞=0 = 𝑢𝑢0(𝑥𝑥).                                                                                                                                                                          (4) 
 
When 𝑞𝑞 = 1, we have, 
𝑁𝑁[𝜑𝜑(𝑥𝑥; 1)] = 0, 
⟹ 𝜑𝜑[(𝑥𝑥; 𝑞𝑞)]𝑞𝑞=1 = 𝑢𝑢(𝑥𝑥).                                                                                                                                                                     (5) 
 
As the embedding parameter 𝑞𝑞 increases from 0 to 1, the solution 𝜑𝜑(𝑥𝑥;𝑞𝑞) of the Eq. (1) depends upon the embedding 
parameter 𝑞𝑞 and varies from the initial approximation 𝑢𝑢0(𝑥𝑥) to the solution 𝑢𝑢(𝑥𝑥) of Eq. (1). In topology, such a kind of 
continuous variation is called deformation. 
 
Now, expand 𝜑𝜑(𝑥𝑥; 𝑞𝑞) in Taylor series with respect to 𝑞𝑞, we have 

𝜑𝜑(𝑥𝑥; 𝑞𝑞) = �𝜑𝜑(𝑥𝑥; 0) + �
1
𝑚𝑚!

𝜕𝜕𝑚𝑚𝜑𝜑(𝑥𝑥; 𝑞𝑞)
𝜕𝜕𝑞𝑞𝑚𝑚

∞

𝑚𝑚=1

�
𝑞𝑞=0

𝑞𝑞𝑚𝑚 .                                                                                                                          (6) 

 
Define 

𝑢𝑢𝑚𝑚 (𝑥𝑥) = � 1
𝑚𝑚!

𝜕𝜕𝑚𝑚𝜑𝜑(𝑥𝑥; 𝑞𝑞)
𝜕𝜕𝑞𝑞𝑚𝑚

�
𝑞𝑞=0

 

 
and using Eq. (4), we get 

𝜑𝜑(𝑥𝑥; 𝑞𝑞) = 𝑢𝑢0(𝑥𝑥) + � 𝑢𝑢𝑚𝑚 (𝑥𝑥)                                                                                                                                                           (7)
∞

𝑚𝑚=1

 

 
Assume that the auxiliary parameter ℎ, the auxiliary function 𝐻𝐻(𝑥𝑥), the initial approximation 𝑢𝑢0(𝑥𝑥) and the auxiliary 
linear operator 𝐿𝐿 are so properly chosen that the series (7) converges at 𝑞𝑞 = 1. 

∴ 𝑢𝑢(𝑥𝑥) = 𝑢𝑢0(𝑥𝑥) + � 𝑢𝑢𝑚𝑚 (𝑥𝑥).
∞

𝑚𝑚=1

                                                                                                                                                          (8) 

 
Now, using Eq. (5), we get, 

𝑢𝑢(𝑥𝑥) = 𝑢𝑢0(𝑥𝑥) + � 𝑢𝑢𝑚𝑚 (𝑥𝑥)
∞

𝑚𝑚=1

.                                                                                                                                                              (9) 

 
The above expression provides us with a relationship between the initial guess 𝑢𝑢0(𝑥𝑥) and the exact solution 𝑢𝑢(𝑥𝑥) by 
means of the terms 𝑢𝑢𝑚𝑚(𝑥𝑥)(𝑚𝑚 = 1, 2, 3, … ), which are unknown up to now. 
 
Define the vector 
𝑢𝑢�⃗ 𝑛𝑛 = {𝑢𝑢0(𝑥𝑥),𝑢𝑢1(𝑥𝑥), … ,𝑢𝑢𝑛𝑛(𝑥𝑥)}                                                                                                                                                        (10) 
 
Differentiating Eq. (3) 𝑚𝑚-times with respect to 𝑞𝑞 and then setting 𝑞𝑞 = 0 and finally dividing by 𝑚𝑚!, we get so-called 
𝑚𝑚𝑚𝑚ℎ order deformation equation [19], 
𝐿𝐿[𝑢𝑢𝑚𝑚 (𝑥𝑥) − 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥)] = ℎ𝐻𝐻(𝑥𝑥)𝑅𝑅𝑚𝑚 (𝑢𝑢�⃗ 𝑚𝑚−1),                                                                                                                             (11) 
 
subject to the initial condition 
𝑢𝑢𝑚𝑚 (0) = 0,                                                                                                                                                                                           (12) 
 
where 

𝑅𝑅𝑚𝑚 (𝑢𝑢�⃗ 𝑚𝑚−1) = � 1
(𝑚𝑚 − 1)!

𝜕𝜕𝑚𝑚−1𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)]
𝜕𝜕𝑞𝑞𝑚𝑚−1 �

𝑞𝑞=0
                                                                                                                             (13) 
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and 

𝜒𝜒𝑚𝑚 = �0, 𝑚𝑚 ≤ 1
1, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�.                                                                                                                                                   (14) 
 
Taking 𝐿𝐿−1 on the both sides of Eq. (11), we get 
𝑢𝑢𝑚𝑚 (𝑥𝑥) = 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥) + ℎ𝐿𝐿−1[𝐻𝐻(𝑥𝑥)𝑅𝑅𝑚𝑚(𝑢𝑢�⃗ 𝑚𝑚−1)] + 𝐶𝐶1,                                                                                                               (15) 
 
where the constant 𝐶𝐶1 is determined by the initial condition (12). In this way, it is easily to obtain 𝑢𝑢𝑚𝑚 (𝑥𝑥) for 𝑚𝑚 ≥ 1.  
 
Therefore, the 𝑚𝑚𝑚𝑚ℎ-order approximation of 𝑢𝑢(𝑥𝑥) is given by, 

𝑢𝑢(𝑥𝑥) = � 𝑢𝑢𝑚𝑚 (𝑥𝑥).
𝑘𝑘

𝑚𝑚=0

                                                                                                                                                                            (16) 

 
When 𝑘𝑘 → ∞, we get an accurate approximation of the original Eq. (1).  
 
It is very important to note that the series solution of (1) is obtained by using the initial condition only. The solution 
(16) obtained by this method generally converge very rapidly in real physical problems. Furthermore, by the rapid 
convergence of the series solution, for sufficiently large values of k we can consider Eq. (16) as an approximation of 
the solution of (1). Therefore homotopy analysis method provides a numerical method for solving different classes of 
problems. 
 
3. NUMERICAL EXPERIMENTS 
 
In this section, we apply HAM to solve two nonlinear integral equations and two Integro-differential equations. These 
four examples are solved numerically in [38] by Adomian decomposition method. 
 
3.1 Volterra integral equation of second kind: 
 
Volterra integral equations of the second kind represented in the form: 

𝑢𝑢(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) + 𝜆𝜆� 𝐾𝐾(𝑥𝑥, 𝑡𝑡)
𝑥𝑥

0
𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑,                                                                                                                                               (17) 

where, 𝐾𝐾(𝑥𝑥, 𝑡𝑡) is the kernel of the integral equation and 𝜆𝜆 is a parameter. 
 
As a first example, consider the following Volterra integral equation of the second kind [38] 

𝑢𝑢(𝑥𝑥) = 1 −�𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑,
𝑥𝑥

0

                                                                                                                                                                       (18) 

with the exact solution 𝑢𝑢(𝑥𝑥) = 𝑒𝑒−𝑥𝑥 . 
 
Here we can noticed that 𝑓𝑓(𝑥𝑥) = 1, 𝜆𝜆 = −1 and 𝐾𝐾(𝑥𝑥, 𝑡𝑡) = 1. 
 
Let 𝑢𝑢0(𝑥𝑥) = 1 and we define the auxiliary linear operator as 𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] = 𝜑𝜑[𝑥𝑥; 𝑞𝑞]. 
 
We now define nonlinear operator as 

𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] = 𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 1 + �𝜑𝜑(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑥𝑥

0

.                                                                                                                                       (19) 

 
Now, by assuming 𝐻𝐻(𝑥𝑥) = 1, we construct so-called zero order deformation equation as 
(1 − 𝑞𝑞)𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑡𝑡)] = 𝑞𝑞ℎ𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)].                                                                                                                               (20) 
 
Clearly, when 𝑞𝑞 = 0 and 𝑞𝑞 = 1, we have 
𝜑𝜑(𝑥𝑥; 0) = 𝑢𝑢0(𝑥𝑥),𝜑𝜑(𝑥𝑥; 1) = 𝑢𝑢(𝑥𝑥).                                                                                                                                                  (21) 
 
The 𝑚𝑚𝑡𝑡ℎ -order deformation equation is given by, 
𝐿𝐿[𝑢𝑢𝑚𝑚 (𝑥𝑥) − 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥)] = ℎ𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)�,                                                                                                                                (22) 
where 

𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)� = 𝑢𝑢𝑚𝑚−1(𝑥𝑥) − 1(1 − 𝜒𝜒𝑚𝑚 ) + �𝑢𝑢𝑚𝑚−1(𝑡𝑡)𝑑𝑑𝑑𝑑.
𝑥𝑥

0

                                                                                                       (23) 
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According to the homotopy analysis method we obtain the following components 
𝑢𝑢1(𝑥𝑥) = ℎ𝑥𝑥, 

𝑢𝑢2(𝑥𝑥) = ℎ𝑥𝑥 + ℎ2𝑥𝑥 +
ℎ2𝑥𝑥2

2
,                                                                                                                                                              (24) 

𝑢𝑢3(𝑥𝑥) = ℎ𝑥𝑥 + ℎ2𝑥𝑥 +
ℎ2𝑥𝑥2

2
+ ℎ3𝑥𝑥 + ℎ2𝑥𝑥 +

ℎ3𝑥𝑥2

2
+
ℎ2𝑥𝑥2

2
+
ℎ3𝑥𝑥2

2
+
ℎ3𝑥𝑥3

6
 

… 
 
Therefore according to (16), we have 

𝑢𝑢(𝑥𝑥) = 1 + ℎ𝑥𝑥 + ℎ𝑥𝑥 + ℎ2𝑥𝑥 +
ℎ2𝑥𝑥2

2
+ ℎ𝑥𝑥 + ℎ2𝑥𝑥 +

ℎ2𝑥𝑥2

2
+ ℎ3𝑥𝑥 + ℎ2𝑥𝑥 +

ℎ3𝑥𝑥2

2
+
ℎ2𝑥𝑥2

2
+
ℎ3𝑥𝑥2

2
+
ℎ3𝑥𝑥3

6
+ ⋯ 

 
By taking ℎ = −1, we get 

𝑢𝑢(𝑥𝑥) = 1 − 𝑥𝑥 +
𝑥𝑥2

2!
−
𝑥𝑥3

3!
+ ⋯ 

 
This has the closed form 𝑢𝑢(𝑥𝑥) = 𝑒𝑒−𝑥𝑥 ,  which is the exact solution of the problem. 

 
Figure-1: 3rd-order approximate solution by HAM and exact solution of (18) 

 
As a second example, consider the following Volterra integral equation of second kind [38] 

𝑢𝑢(𝑥𝑥) = 1 − 𝑥𝑥 −
𝑥𝑥2

2
−�(𝑡𝑡 − 𝑥𝑥)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑

𝑥𝑥

0

,                                                                                                                                        (25) 

with the exact solution 𝑢𝑢(𝑥𝑥) = 1 − sinh 𝑥𝑥. 
 
In the given example, we have 𝑓𝑓(𝑥𝑥) = 1 − 𝑥𝑥 − 𝑥𝑥2

2
, 𝜆𝜆 = −1,𝐾𝐾(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡 − 𝑥𝑥. 

 
We begin with 

𝑢𝑢0(𝑥𝑥) = 1 − 𝑥𝑥 −
𝑥𝑥2

2
.                                                                                                                                                                          (26) 

 
For HAM solution, we choose the linear operator as 
𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] = 𝜑𝜑(𝑥𝑥; 𝑞𝑞).                                                                                                                                                                        (27) 
 
A nonlinear operator defined as 

𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] = 𝜑𝜑(𝑥𝑥;𝑞𝑞) − 1 + 𝑥𝑥 +
𝑥𝑥2

2
+ �(𝑡𝑡 − 𝑥𝑥)𝜑𝜑(𝑡𝑡)

𝑥𝑥

0

𝑑𝑑𝑑𝑑.                                                                                                        (28) 

 
We construct the zero order deformation equation 
(1 − 𝑞𝑞)𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑥𝑥)] = 𝑞𝑞ℎ𝐻𝐻(𝑥𝑥)𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)].                                                                                                                    (29) 
 
We can take 𝐻𝐻(𝑥𝑥) = 1 and the 𝑚𝑚𝑡𝑡ℎ -order deformation equation is 
𝐿𝐿[𝑢𝑢𝑚𝑚 (𝑥𝑥) − 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥)] = ℎ𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)�,                                                                                                                                (30) 
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where 

𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)� = 𝑢𝑢𝑚𝑚−1(𝑥𝑥) − �1 − 𝑥𝑥 −
𝑥𝑥2

2
� (1 − 𝜒𝜒𝑚𝑚 ) + �(𝑡𝑡 − 𝑥𝑥)𝑢𝑢𝑚𝑚−1(𝑡𝑡)𝑑𝑑𝑑𝑑

𝑥𝑥

0

.                                                                  (31) 

Thus we have 

𝑢𝑢1(𝑥𝑥) = ℎ �−
𝑥𝑥2

2!
+
𝑥𝑥3

3!
+
𝑥𝑥4

4!
�, 

 

𝑢𝑢2(𝑥𝑥) = ℎ �−
𝑥𝑥2

2!
+
𝑥𝑥3

3!
+
𝑥𝑥4

4!
� + ℎ2 �

𝑥𝑥2

2!
+
𝑥𝑥3

3!
+

2𝑥𝑥4

4!
−
𝑥𝑥5

5!
−
𝑥𝑥6

6!
�                                                                                              (32) 

 
𝑢𝑢3(𝑥𝑥) = ℎ �− 𝑥𝑥2

2!
+ 𝑥𝑥3

3!
+ 𝑥𝑥4

4!
� + ℎ2 �−𝑥𝑥2 + 𝑥𝑥3

3
+ 𝑥𝑥4

3!
− 𝑥𝑥5

60
− 𝑥𝑥6

360
� + ℎ3 �− 𝑥𝑥2

2!
+ 𝑥𝑥3

3!
+ 𝑥𝑥4

8
− 𝑥𝑥5

60
− 𝑥𝑥6

240
+ 𝑥𝑥7

5040
+ 𝑥𝑥8

40320
� 

… 
 
Therefore the series solution expression by HAM can be written in the form 
𝑢𝑢(𝑥𝑥) = 𝑢𝑢0(𝑥𝑥) + 𝑢𝑢1(𝑥𝑥) + 𝑢𝑢2(𝑥𝑥) + 𝑢𝑢3(𝑥𝑥) + ⋯ 

         = 1 − 𝑥𝑥 −
𝑥𝑥2

2!
+ ℎ �−

𝑥𝑥2

2!
+
𝑥𝑥3

3!
+
𝑥𝑥4

4!
� + ℎ �−

𝑥𝑥2

2!
+
𝑥𝑥3

3!
+
𝑥𝑥4

4!
� 

         +ℎ2 �𝑥𝑥
2

2!
+ 𝑥𝑥3

3!
+ 2𝑥𝑥4

4!
− 𝑥𝑥5

5!
− 𝑥𝑥6

6!
� + ℎ �− 𝑥𝑥2

2!
+ 𝑥𝑥3

3!
+ 𝑥𝑥4

4!
� + ℎ2                                                                                                (33) 

              �−𝑥𝑥2 + 𝑥𝑥3

3
+ 𝑥𝑥4

3!
− 𝑥𝑥5

60
− 𝑥𝑥6

360
� +  ℎ3 �− 𝑥𝑥2

2!
+ 𝑥𝑥3

3!
+ 𝑥𝑥4

8
− 𝑥𝑥5

60
− 𝑥𝑥6

240
+ 𝑥𝑥7

5040
+ 𝑥𝑥8

40320
� + ⋯ 

 
If we take ℎ = 1, we have 

𝑢𝑢(𝑥𝑥) = 1 − 𝑥𝑥 −
𝑥𝑥3

3!
−
𝑥𝑥5

5!
−
𝑥𝑥7

7!
+ ⋯ 

          = 1 − �𝑥𝑥 +
𝑥𝑥3

3!
+
𝑥𝑥5

5!
+
𝑥𝑥7

7!
+ ⋯� 

 
with the following closed form 𝑢𝑢(𝑥𝑥) = 1 − sinh 𝑥𝑥. 
 

 
Figure-2: 3rd-order approximate solution by HAM and exact solution of (25) 

 
3.2 Volterra Integro-Differential Equations of second kind 
 
Volterra Integro-Differential Equations of second kind is represented in the form 

𝑢𝑢(𝑛𝑛)(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) + 𝜆𝜆�𝐾𝐾(𝑥𝑥, 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑,
𝑥𝑥

0

                                                                                                                                           (34) 

where 𝑢𝑢(𝑛𝑛)(𝑥𝑥) = 𝑑𝑑𝑛𝑛𝑢𝑢
𝑑𝑑𝑥𝑥𝑛𝑛

. The Volterra integro-differential equations may be observed when we convert an initial value 
problem to an integral equation by using Leibnitz rule. To determine a solution for the integro-differential equation, the 
initial conditions should be given, and this may be clearly seen as a result of involving 𝑢𝑢(𝑥𝑥) and its derivatives. The 
initial conditions are needed to determine the exact solution. 
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As a third example, consider the following Volterra integro-differential equation [38] 

𝑢𝑢′(𝑥𝑥) = 1 −�𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑,𝑢𝑢(0) = 0
𝑥𝑥

0

                                                                                                                                                   (35) 

with the exact solution 𝑢𝑢(𝑥𝑥) = sin 𝑥𝑥. 
 
To solve Eq. (34) by means of homotopy analysis method, according to the initial conditions denoted in Eq. (34), we 
choose 
𝑢𝑢0(𝑥𝑥) = 𝑥𝑥.                                                                                                                                                                                            (36) 
 
We choose the linear operator as 

𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] =
𝜕𝜕𝜕𝜕(𝑥𝑥;𝑞𝑞)

𝜕𝜕𝜕𝜕
− 1 + �𝜑𝜑(𝑡𝑡)𝑑𝑑𝑑𝑑

𝑥𝑥

0

.                                                                                                                                      (37) 

 
We construct zero order deformation equation as 
(1 − 𝑞𝑞)𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑥𝑥)] = 𝑞𝑞ℎ𝐻𝐻(𝑥𝑥)𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)].                                                                                                                    (38) 
 
We can take 𝐻𝐻(𝑥𝑥) = 1, and the 𝑚𝑚th-order deformation equation is, 
𝐿𝐿[𝑢𝑢𝑚𝑚 (𝑥𝑥) − 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥)] = ℎ𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)�.                                                                                                                                (39) 
 
subject to initial condition 𝑢𝑢𝑚𝑚 (0) = 0, where 

𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)� =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑢𝑢𝑚𝑚−1(𝑥𝑥) − 1(1 − 𝜒𝜒𝑚𝑚 ) + �𝑢𝑢𝑚𝑚−1(𝑡𝑡)
𝑥𝑥

0

𝑑𝑑𝑑𝑑                                                                                                  (40) 

 
According to the homotopy analysis method we obtain the following components 

𝑢𝑢1(𝑥𝑥) =
ℎ𝑥𝑥3

3!
, 

𝑢𝑢2(𝑥𝑥) =
ℎ𝑥𝑥3

3!
+
ℎ2𝑥𝑥3

3!
+
ℎ2𝑥𝑥5

5!
,                                                                                                                                                         (41) 

𝑢𝑢3(𝑥𝑥) =
ℎ𝑥𝑥3

3!
+
ℎ2𝑥𝑥3

3
+
ℎ3𝑥𝑥3

6
+
ℎ2𝑥𝑥5

60
+
ℎ3𝑥𝑥5

60
+
ℎ3𝑥𝑥7

7!
, 

… 
Thus we obtain 

𝑢𝑢(𝑥𝑥) = 𝑥𝑥 +
ℎ𝑥𝑥3

3!
+
ℎ𝑥𝑥3

3!
+
ℎ2𝑥𝑥3

3!
+
ℎ2𝑥𝑥5

5!
+
ℎ𝑥𝑥3

3!
+
ℎ2𝑥𝑥3

3
+
ℎ3𝑥𝑥3

6
+
ℎ2𝑥𝑥5

60
+
ℎ3𝑥𝑥5

60
+
ℎ3𝑥𝑥7

7!
+ ⋯ 

 
If we take ℎ = −1, we get 

𝑢𝑢(𝑥𝑥) = 𝑥𝑥 −
𝑥𝑥3

3!
+
𝑥𝑥5

5!
−
𝑥𝑥7

7!
+ ⋯ 

 
So the solution in a closed form is 𝑢𝑢(𝑥𝑥) = sin 𝑥𝑥. 
 

 
Figure-3: 3rd-order approximate solution by HAM and exact solution of (34) 
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As a fourth example, consider the following Volterra integro-differential equation of second kind [38] 

𝑢𝑢′′ (𝑥𝑥) = 1 + 𝑥𝑥 + �(𝑥𝑥 − 𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑑𝑑𝑑𝑑,𝑢𝑢(0) = 1,𝑢𝑢′(0) = 1.                                                                                                         (42)
𝑥𝑥

0

 

 
Beginning with 

𝑢𝑢0(𝑥𝑥) = 1 + 𝑥𝑥 +
𝑥𝑥2

2!
+
𝑥𝑥3

3!
.                                                                                                                                                                (43) 

 
We choose linear operator as 

𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] =
𝜕𝜕2𝜑𝜑(𝑥𝑥; 𝑞𝑞)

𝜕𝜕𝑥𝑥2 ,                                                                                                                                                                   (44) 
 
with the property 𝐿𝐿[𝐶𝐶1𝑥𝑥 + 𝐶𝐶2],  where 𝐶𝐶1 and 𝐶𝐶2 are constants. 
 
Now, we define a non-linear operator as 

𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)] =
𝜕𝜕2𝜑𝜑(𝑥𝑥;𝑞𝑞)

𝜕𝜕𝑥𝑥2 − 1 − 𝑥𝑥 − �(𝑥𝑥 − 𝑡𝑡)𝜑𝜑(𝑡𝑡)𝑑𝑑𝑑𝑑
𝑥𝑥

0

.                                                                                                              (45) 

 
We construct zero order deformation equation as 
(1 − 𝑞𝑞)𝐿𝐿[𝜑𝜑(𝑥𝑥; 𝑞𝑞) − 𝑢𝑢0(𝑥𝑥)] = 𝑞𝑞ℎ𝐻𝐻(𝑥𝑥)𝑁𝑁[𝜑𝜑(𝑥𝑥; 𝑞𝑞)].                                                                                                                    (46) 
 
By assuming 𝐻𝐻(𝑥𝑥) = 1, we obtain the 𝑚𝑚th-order deformation equation, 
𝐿𝐿[𝑢𝑢𝑚𝑚 (𝑥𝑥) − 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥)] = ℎ𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)�.                                                                                                                                (47) 
 
subject to initial conditions 
𝑢𝑢𝑚𝑚 (0) = 0  𝑢𝑢′𝑚𝑚 (0) = 0,                                                                                                                                                                   (48)  
where 

𝑅𝑅𝑚𝑚�𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)� =
𝜕𝜕2𝑢𝑢𝑚𝑚−1

𝜕𝜕𝑥𝑥2 − (1 + 𝑥𝑥)(1 − 𝜒𝜒𝑚𝑚 ) + �(𝑥𝑥 − 𝑡𝑡)
𝑥𝑥

0

𝑢𝑢𝑚𝑚−1(𝑡𝑡)𝑑𝑑𝑑𝑑.                                                                                (49) 

 
Accordingly, the solution to the Eq. (42) for m > 1 becomes 
𝑢𝑢𝑚𝑚 (𝑥𝑥) = 𝜒𝜒𝑚𝑚𝑢𝑢𝑚𝑚−1(𝑥𝑥) + ℎ𝐿𝐿−1[𝑅𝑅𝑚𝑚 ��𝑢𝑢�⃗ 𝑚𝑚−1(𝑥𝑥)�� + 𝐶𝐶1𝑥𝑥 + 𝐶𝐶2,                                                                                                  (50) 
where 𝐶𝐶1 and 𝐶𝐶2 are determined by Eq. (48). 
 
Therefore, using HAM, we obtain components of the solution successively as follows 

𝑢𝑢1(𝑥𝑥) = −
ℎ𝑥𝑥4

4!
−
ℎ𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ𝑥𝑥7

7!
, 

 

𝑢𝑢2(𝑥𝑥) = −
ℎ𝑥𝑥4

4!
−
ℎ𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ𝑥𝑥7

7!
−
ℎ2𝑥𝑥4

4!
−
ℎ2𝑥𝑥5

5!
−
ℎ2𝑥𝑥6

6!
−
ℎ2𝑥𝑥7

7!
+
ℎ2𝑥𝑥8

8!
+
ℎ2𝑥𝑥9

9!
+
ℎ2𝑥𝑥10

10!
+
ℎ2𝑥𝑥11

11!
, 

 

𝑢𝑢3(𝑥𝑥) =
ℎ𝑥𝑥4

4!
+
ℎ2𝑥𝑥4

12
+
ℎ3𝑥𝑥4

24
−
ℎ𝑥𝑥5

5!
−
ℎ2𝑥𝑥5

60
−
ℎ3𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ2𝑥𝑥6

360
−
ℎ3𝑥𝑥6

720
+

ℎ𝑥𝑥7

5040
 

            −
ℎ2𝑥𝑥7

2520
−
ℎ3𝑥𝑥7

5040
−

ℎ2𝑥𝑥8

20160
−

ℎ3𝑥𝑥8

20160
+

ℎ2𝑥𝑥9

181440
+

ℎ3𝑥𝑥9

181440
+

ℎ2𝑥𝑥10

1814400
 

            +
ℎ3𝑥𝑥10

1814400
+

ℎ2𝑥𝑥11

19958400
+

ℎ3𝑥𝑥11

19958400
+

ℎ3𝑥𝑥12

479001600
−

ℎ3𝑥𝑥13

6227020800
 

            −  
ℎ3𝑥𝑥14

87178291200
−

ℎ3𝑥𝑥15

1307674368000
, 

          … 
 
Then the series solution expression by HAM can be written in the form 
𝑢𝑢(𝑥𝑥) = 𝑢𝑢0(𝑥𝑥) + 𝑢𝑢1(𝑥𝑥) + 𝑢𝑢2(𝑥𝑥) + 𝑢𝑢3(𝑥𝑥) + ⋯ 

          = 1 + 𝑥𝑥 +
𝑥𝑥2

2!
+
𝑥𝑥3

3!
−
ℎ𝑥𝑥4

4!
−
ℎ𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ𝑥𝑥7

7!
−
ℎ𝑥𝑥4

4!
−
ℎ𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ𝑥𝑥7

7!
−
ℎ2𝑥𝑥4

4!
 

            −
ℎ2𝑥𝑥5

5!
−
ℎ2𝑥𝑥6

6!
−
ℎ2𝑥𝑥7

7!
+
ℎ2𝑥𝑥8

8!
+
ℎ2𝑥𝑥9

9!
+
ℎ2𝑥𝑥10

10!
+
ℎ2𝑥𝑥11

11!
ℎ𝑥𝑥4

4!
+
ℎ2𝑥𝑥4

12
+
ℎ3𝑥𝑥4

24
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            −
ℎ𝑥𝑥5

5!
−
ℎ2𝑥𝑥5

60
−
ℎ3𝑥𝑥5

5!
−
ℎ𝑥𝑥6

6!
−
ℎ2𝑥𝑥6

360
−
ℎ3𝑥𝑥6

720
+

ℎ𝑥𝑥7

5040
−
ℎ2𝑥𝑥7

2520
−
ℎ3𝑥𝑥7

5040
−

ℎ2𝑥𝑥8

20160
 

            −  
ℎ3𝑥𝑥8

20160
+

ℎ2𝑥𝑥9

181440
+

ℎ3𝑥𝑥9

181440
+

ℎ2𝑥𝑥10

1814400
+

ℎ3𝑥𝑥10

1814400
+

ℎ2𝑥𝑥11

19958400
+

ℎ3𝑥𝑥11

19958400
 

            +
ℎ3𝑥𝑥12

479001600
−

ℎ3𝑥𝑥13

6227020800
−

ℎ3𝑥𝑥14

87178291200
−

ℎ3𝑥𝑥15

1307674368000
+ ⋯ 

 
If we take ℎ = −1, we get 

𝑢𝑢(𝑥𝑥) = 1 + 𝑥𝑥 +
𝑥𝑥2

2!
+
𝑥𝑥3

3!
+
𝑥𝑥4

4!
+
𝑥𝑥5

5!
+
𝑥𝑥6

6!
+
𝑥𝑥7

7!
+
𝑥𝑥8

8!
+
𝑥𝑥9

9!
+
𝑥𝑥10

10!
+ ⋯, 

 
which implies the following closed form of the solution 
𝑢𝑢(𝑥𝑥) = 𝑒𝑒𝑥𝑥 . 

 
Figure-4: 3rd-order approximate solution by HAM and exact solution of (42) 

 
4. REMARK 
 
In Figure (1)-(4), we show the comparisons between the 3-term HAM solutions and the exact solutions. We observe 
that the results of the 3-term HAM are very close to the exact solutions which confirms the validity of the HAM.  
 
All the numerical results obtained by the 3-term HAM are exactly same as the ADM solutions [38] for special case 
ℎ = −1,𝐻𝐻(𝑥𝑥) = 1. So, its means that the ADM is a special case of HAM. But HAM is more general and contains the 
auxiliary parameter h, which provides us to adjust and control the convergence region of solution series. As pointed out 
by Abbasbandy in [1], one had to choose a proper value of h to ensure the convergence of series solution for strongly 
integral equations. 
 
5. CONCLUSION 
 
In this paper, we have successfully used HAM for solving Volterra integral and integro-differential equations of second 
kind. It is apparently seen that HAM is a powerful and easy-to-use analytic tool for finding the solutions for wide 
classes of integral and integro-differential equations. It is worth pointing out that this method provides us a simple way 
to ensure the rapid convergence of series solutions, and therefore, HAM is valid even for strongly integral and integro-
differential equations. Numerical experiments in comparison with other method such as ADM. They also do not require 
large computer memory and discrimination of the variable 𝑥𝑥. The results show the efficiency of the homotopy analysis 
method for solving integral and integro-differential equations. 
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