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ABSTRACT

In this paper we prove some fixed point theorems for generalized contraction mappings in two complete o - fuzzy
metric spaces.
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1. INTRODUCTION

Fuzzy set was defined by Zadeh [10] in 1965, has lead to a rich growth of fuzzy mathematics. Kramosil and Michalek
[6] introduced fuzzy metric space, George and Veeramani [4] modified the notion of fuzzy metric spaces with the help
of continuous t-norms. Many authors Deng [2], Erceg [3] used the concept of fuzzy mathematics in different ways.
Recently Sedghi and Shobe [7] introduced D* - metric space as a probable modification of the definition of D — metric
introduced by Dhage, and prove some basic properties in D* - metric spaces. Using D*- metric concepts, Sedghi and
Shobe define s -fuzzy metric space and proved a common fixed point theorem in it. In this paper we prove some fixed
point theorems in two complete % - fuzzy metric spaces for contractive type mappings and non-expansive mappings by
generalizing the results of Veerapandi et al [9] on fuzzy metric space.

Definition 1.1: A fuzzy set A in X is a function with domain X and values in [0, 1]

Definition: 1.2: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following
conditions

i. *isassociative and commutative,

ii. *iscontinuous,

iii. a*1l=aforallae]0,1],

iv. a*b<c*dwhenevera<candb<d,foreacha, b,c,de]l0,1]

Examples for continuous t-norm are a * b = min{a, b}.

Definition: 1.3: [7] A 3-tuple (X, M, *) is called & — fuzzy metric space if X is an arbitrary non-empty set, * is a
continuous t — norm, and 9 is a fuzzy set on X? x (0,00), satisfying the following conditions for each x, y, z, a € X and
t,s>0

FM-1) M(x,y,z,t)>0

FM-2) M(xy,z,t)=1liffx=y=z

(FM=3) M(x Y,z t)=M(p{x Y, 2} t), where p is a permutation function

(FM-4) Mm(xy,at)* M@ 225 <M(XY,zZt+s)

(FM=5) M (x,Y,z,.):(0, o) — ][0, 1] is continuous

(FM - 6) tll_{g My, z,t)=1

Lemma: 1.4: Let (X, M, *) be a M- fuzzy metric space. Then for every t > 0 and for every x, y € X. We have
m (Xy Xa yy t) = M(X! y! yl t)'
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Lemma: 1.5: Let (X, M, *) be a M- fuzzy metric space. Then M (X, y, z, t) is non-decreasing with respect to t, for all
X, ¥,z inX.

Definition: 1.6: Let (X, M, *) be a ¢-fuzzy metric space and {x,} be a sequence in X
a) {xn} is said to be converges to a point x € X if n'i“m M(X, X, Xp, t)y =1 forallt>0
b) {x.}is called Cauchy sequence if if‘wm (Xn+ py Xns pr Xn, t) =1for all t>0and p> 0

c) A M-fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Lemma: 1.7: Let {x,} be a sequence in a M- fuzzy metric space (X, M, *) with the condition (FM-6). If there exists a
number k € (0, 1) such that ¢ (Xn, Xn+ 1, Xn+1, KE) > M(Xn1, Xn, Xn, t) forall t >0and n =1, 2, 3 ..., then {x,} is a Cauchy
sequence.

Lemma 1.8: Let (X, M, *) be a ¢ — fuzzy metric space with condition (FM-6). If there exists a number k € (0, 1) such
that v (X, y, z, kt) > M (X, y, z, t), forall x,y,z€e Xand t > 0, thenx =y = z.

2. MAIN RESULTS

Theorem 2.1: Let (X, My, *) and (Y, M, *) be two complete fuzzy metric spaces. If T is a mapping from X into Y and
S is a mapping from Y into X, satisfying the following conditions.

Mo(TX, TSy, TSy, qt) = min{M (X, Sy, Sy, t),Ma(y, TX, TX, )*M,(y, TSy, TSy ,1)} 1)
My (Sy, STX, STX, qt) = min{My(x, Sy, Sy, t)* M (X, STX, STX, t),Mx(y, TX, TX, 1)} 2

for all x in X and y in Y where q < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w inY.
Further Tz = wand Sw = z.

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and {y,} in Y, as follows:
Xn= (ST)" X0, ¥n = T(Xn) forn=1,2, ..., We have

Ml(xn, Xn+1y Xn+1s qt) = Ml((ST)n Xo» (ST)n+1X0, (ST)n+1X0, qt)
= My(ST(ST)™ o, ST(ST)" Xo, ST(ST)" Xo, qt)
= My(STXp.1, STXn, STXp, qt) = Me(SYn, STXn, STX,, qt)
= min {My(Xn, SYny SYn,)* M1(Xn, STXny STXn, £), Ma(Yn, TXpy TXnot )}
=min {ml(xn: Xny Xny t)*m’ll(xn: Xn+1s Xn+1s t), MZ(ynr yn+1r yn+1r t)}
=min {M;(Xn, Xn+1, Xnt1s £y Mo(Yns Yoet, Ynens D}
= Mo(Yn, Ve, Yos1s 1)

Now, Mo(Yn, Yaets Yorts £) = Mo(TXn1, Xy Ty 1) = Mo(TXq1, TSYn, TSYn, 1)
= min {M(Xo.1, SYn, SYn, U0), Mo(Yn, TX-1, X1, U0)*Mo(Yn, TSYn, TSYn, t/Q)} (Since by (1))
=min {ml(xn-li Xny Xny t/C|), MZ(yn’ Yni Yy t/Q)*MZ(ynr Yn+ts Ynets UQ)}
= min {My(Xn-1, Xn, Xn» VD), M(Yn, Yoe1, Yoer, VQ)}
= ml(xn—ly Xny Xn, t/Q)

Hence, My (Xn, Xns1, Xnst, ) = Mo(Yn, Vet Yoets 1) = Ma(Xne1, X, Xn, H0)
> My(Xo, X, X, /g°"™Y) — lasn— oo (Since q < 1).

Thus {x,} is a Cauchy sequence in X, Since (X, M, *) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point w in Y. Now we prove Tz = w.
Suppose Tz #= w. We have,

My (Tz, w, W, qt) = im M, (T2, Yne1, Yner, Qt) = lim M, (Tz, TSy, TSy, qt)
> lim min My(z, SYn ,SYn o), Ma(Yn, T2, TZ, t )* Ma(Yn, TSYn, TSYn, 1)}
= 711_1:{)10 min ml(zv Xn !Xn 1t)1 Mz(yny TZ! TZ! t)*sz(yn, Yn+1a Yn+1a t)}
=min {My(z, z, z, t), Mr(w, Tz, Tz, t)*M(W W, W, t)}
=min {1, My(w, Tz, Tz )*1} = M, (W, Tz, Tz, 1)
> M, (Tz, w, w, t) (Since g < 1), which is a contradiction.
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Thus Tz =w. Now, we prove Sw = z. Suppose Sw # z, we have

My(SW, z, Z, qt) = lim M (SW, Xn+1, Xne1, Q) = lim My (Sw, STX,, STX,, qt)
> lim min My (X,, SW, SW, t)* M1 (Xn, STXn, STXp, 1), M o(W, TXn, TXp, 1)}
= llm min ml(xnv SWy SW! t)*ml(xna Xn+1y Xn+1s t)y MZ(Wa Yn+1a Yn+1a t)}

n—-oo

=min {M(z, Sw, Sw, t)*1, 1} = M, (z, Sw, Sw, t) (Since q >1),

which is a contradiction. Thus Sw = z. Therefore we have STz = Sw =z and TSw = Tz = w. Thus the point z is a fixed
point of ST and the point w is a fixed point of TS.

Uniqueness: Let z’be another fixed point of ST such that z =z". We have

M(z,2’, 2", qt) = M (STz, STz’, STz’, qt)
=>min {M(z’, STz, STz, t)*Mm(z2,STz' STz, t), Mx(Tz, Tz’, TZ', )}
=min{M(z’, z,z,t), Mx(Tz, Tz, T2, )} = Mx(T2, Tz, TZ', 1)

Also we have, M, (Tz, Tz, Tz, t) = My(Tz, TSTz', TSTz, t)
>min {My(z, STz, STz’,t/q), Mx(Tz’, Tz, Tz, t/q)*M(Tz’, TSTz’, TSTz’, t/q)}
>min {M(z,2’, 2, t/q), My(Tz’, Tz, Tz, t/q)}
>M(z,2’, 2, t/q)

Hence, Mi(z, 2,2, t/q) > Mx(Tz, T2, Tz, t) > My (2,2, ', t/q)
which is a contradiction. Thus z = 2. So the point z is the unique fixed point of ST.
Similarly, we prove the point w is also a unique fixed point of TS.

Corollary 2.2: Let (X, M, *) be a complete ¢- fuzzy metric space. If S and T are mappings from X into itself
satisfying the following conditions.

M(TX, TSy, TSy, qt) > min {M(X, Sy, Sy, t), M(y, TX, T, t)*M(y, TSy, TSy, t)}
M(Sy, STX, STx, qt) > min {M(X, Sy, Sy, )*M(x, STX, STX, t), M(y, TX, Tx, 1)}

for all x, y in X where q < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in X. Further
Tz=wand Sw=z.

Theorem 2.3: Let (X, M,,*) and (Y, M,*) be two complete fuzzy metric spaces. If T is a mapping from X into Y and
S is a mapping from Y into X, satisfying following conditions.

Mo(TX, TSy, TSy, qt) > min {M(X, Sy, Sy, t), Ma(y, TX, TX, t), Ma(y, TX, TX, )*M,(y, TSy, TSy, t)} (1)
M (Sy, STX, STX, qt) > min {M(y, TX, TX, t), Mi(X, Sy, Sy, 1), Mi(X, Sy, Sy, )* My (X, STX, STX, 1)} (2)

for all x in X and y in Y where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz =w and Sw = z.

Proof: Let X, be an arbitrary point in X. Define a sequence {X,} in X and {y,} in Y, as follows
Xn= (ST)"Xo, Yn=T(X;1) forn=1,2..., We have
My Xy Xns1, X1, Gt) = M((ST) ™o, (ST)" X0, (ST)™ X0, a1t)
= My(ST(ST)" X0, ST(ST)" X, ST(ST)" X0, qt)
= My (STXp.1, STXn, STXy, qt) = My (SYn, STX,, STXp, qt)
= min {My (Yn, TXn, TXn, 1), M1 (Xn, SYn, SYn, 1), My (Xn, SYn, SYn, 1) * My (Xn, STXp, STXn, )}
=min {MZ (yn’ Yn+1s Yn+ts t), M (Xn’ Xny Xny t)’ M (Xn: Xny Xny t) * ml(xn’ Xn+1s Xn+1, t)}
=min {My(Yn, Yoz Yorz 0, 1, 15My (Xn, Xnet, Xnsz, D}
2 MZ (yn’ Yn+1- Yn+1- t)

Now, Mo (Yo, Yns1s Yner, Gt) = Mo (TXne1, TXn, TXn, qt) = Mo (TXn.a, TSYn, TSYn, Ot)
2 min {9\/11 (Xn-1. Syn’ Syn’ t): MZ (Yn. TXn-li TXn—l: t)’
MZ (yn! TXn—ly TXn-l! t)*sz (ynv TSynv TSyny t)}

© 2013, IJMA. All Rights Reserved 151



R. Muthurajl & R. Pandiselvi’ */SOME FIXED POINT THEOREMS IN TWO M - FUZZY METRIC SPACES / IIMA- 4(7), July-2013.

= mln {Ml (Xn-l! Xny Xny t)v MZ (Yny Ynr Y t)a MZ (yny Y Y t)*MZ (Yn, Yo+t Yntts t)}
=min {Ml (Xn-li Xns Xns t)i 151*m2 (ynl y|’1+ll Yn+1’ t)}
= Ml (Xn-l! Xn! Xny t)

ml (Xn: Xn+1s Xn+1s t) > 9"12 (yn: yn+lr yn+1: t) 2 Ml (Xn—ln Xny Xn, t/Q)
> My (Xo, X1, X1, t/g°")— 1as n—oo. (Since q < 1)

Thus {x,} is a Cauchy sequence in X. Since (X, M, *) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point w in Y. Now we prove Tz = w.
Suppose Tz #w. We have,

Mz (Tz, w, W, qt) = lim (T2, Yoi1, Yot1,Qt) = im M, (T2, TSyy, TSyn, qt)
> lim minM (z, Sy,, Syn,t), Mo, T2, Tz t) Mo (Yo, TZ, TZ, t) * My (Y, TSYn, TSYn, 1)}
n—oo

= limmin M (2, Xy, Xp, £), Mo(¥y, T2Z, Tz, t), Mz (Yo, TZ, TZ, 1) * My (Vs Yosts Vet D)3

n-—-oo

=min{M; (z, 2, 2, 1), Mo (W, TZ, Tz, t), My (W, TZ, TZ, t) * M, (W, W, w, t)}
=min {1, M, (W, Tz, Tz, t), M, (W, Tz, Tz, t) * 1}

> M, (W, Tz, Tz, t) (Since q < 1). Which is a contradiction.

Thus Tz = w. Now we prove Sw = z. Suppose Sw #z. We have

My (Sw, z,z qt) = 111_1)210 My (SW, Xy 41, Xn41,qt) = il_r){)lo My (Sw, STx,,, STx,,, qt)
> lirglomin{ My (W, Tx,, Tx,, t), My(X,, SW, SW, ) My (Xn, SW, SW, t) * My (Xn, STXn, STXn, 1)}
:lni%lomin { Mo(W, V41, Vns1r ©), Ma(Xy, SW, S, ) My (X, SW, SW, £) * My (Xn, Xnat, Xne1, £)F
:nr;;in {M, (w, w, w, t), M, (z, Sw, Sw, t), My (z, Sw, Sw, t) * M (z, z, Z, 1)}
> (z, Sw, Sw, t) (Since g < 1). Which is a contradiction.

Thus Sw = z. Therefore we have STz=Sw=zand TSw=Tz=w.
Thus the point z is a fixed point of ST and the point w is a fixed point of TS.
Uniqueness: Let z’be another fixed point of ST such that z =z’. We have
My (2,2,2,qt) = M, (STz', STz, STz, qt)
>min {M, (Tz', Tz, Tz, t), My (z, STz’, STz’ t), My (z, STz’, STz, t) * M (z, STz, STz, 1)}
>min {M, (T2, Tz, Tz, t), My (2,2, 2, 1), My (2,22, 1) * M, (2, 2, 2, 1)}
>My (T2, Tz, Tz, t) .
Also we have, M, (Tz’, Tz, Tz, qt) = M, (Tz’, TSTz, TSTz, qt)
>min {M, (z’, STz, STz, t), M, (Tz, Tz, Tz, 1),
My (T2, Tz, Tz, t) * M, (Tz, TSTz, TSTz, 1)}
>min {M; (2',2,2,t), My (T2, Tz, Tz, t), My (Tz, T2, T2, ) * M, (TZ, Tz, Tz, )}
2 Ml (Z ’l Z,Z, t)
My, (T2, Tz, Tz, t) > M (2,2, 2,1/Q)
Hence, M, (2,2, z,qt) > M, (Tz', Tz, Tz, t) > M, (z, ', 2', t/q) which is a contradiction.
Thus z=z". So the point z is the unique fixed point of ST.
Similarly, we prove the point w is also a unique fixed point of TS.
Corollary 2.4: Let (X, M, *) be a complete M- fuzzy metric space. If S and T are mappings from X into itself
satisfying the following conditions.
M (Tx, TSy, TSy, qt) > min {M (X, Sy, Sy, t), M (y, TX, TX, t), M (y, TX, Tx, t)*M (y, TSy, TSy, 1)}
M (Sy, STX, STX, qt) > min {M (y, TX, T, t), M (X, Sy, Sy, t), M (X, Sy, Sy, )*M (x, T, Tx, )}

for all x, y in X where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in X. Further
Tz=wand Sw=z.
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Theorem 2.5: Let (X, M, *) and (Y, My, *) be two complete fuzzy metric spaces. If T is a mapping from X into Y and
S is a mapping from Y into X, satisfying following conditions.

M, (TX, TSy, TSy, qt) = min {M; (X, Sy, Sy, t), M, (Y, TX, TX, t), M, (y, TSy, TSy, 1),
My (X, STX, STX, t), My (Sy, STX, STx, 1)} 1)

My (SY, STX, STX, qt) > min {M, (Y, TX, TX, t), My (X, Sy, Sy, 1), My (X, STX, STX, 1),
M, (T, TSy, TSy, t), M, (y, TSy, TSy, )} 2)

for all x in X and y in Y where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y.
Further Tz =wand Sw =z,

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and {y,} in Y, as follows,
Xn = (ST)"o, Yn=T(X,1) forn=1,2,..., We have

My (Xn, Xnet, Xnet, G8) = M1((ST) X0, (ST)™ o, (ST)™ %o, qt)

= My(ST (ST)" X0, ST(ST) %o, ST(ST) %o, qt)

= My(ST (Xn-1)y STXn, STXn, qt) = My (SYn, STXp, STX,, qt)

> min{ My (Yn, TXny TXn, £), My (Xny SYny SYni 1), My (Xn, STXp, STX, 1),
Mz (TXn, TSYn, TSYn, 1), Mz (Yo, TSYn, TSYn, )}

= min{mZ (ynv Yn+1- Yn+1, t), ml (an Xns Xns t)’
M1(Xn, Xne1, Xne1s £, Ma(Ynets Yorts Yoot ), Mo(Yn, Yner, Yosrs D}

= min{.ﬂ/lz(yn, Yn+1s Yot t), 1* Ml(xn! Xn+1s Xn+1s t)! 1! MZ(yn! yn+1:yn+1yt)}

> My (YniYns1:Ynenod) -

Also, we have M (Yn, Yns1, Yner, Q) = Ma(TXn-1, TXn, TXn, G) = M (TXn-2, TSYn, TSyn, qt)
> min{9M (Xn-1, SYn, SYn, 1), M2 (Y, TXnt, TXnt, 1), Mo (Yo, TSYn, TSYn, ),
ml(xn-ln STxn-li STXn—l: t)’ My (SYn, STxn-li STXn—l: t)}
= min{ My (Xn-1, Xny Xns 1)y Mz Yoy Yoo Yoo 0y Mz (Yo Yo, Y, D),
M (Xn—ln Xny Xn, t)’ My (Xn—ln Xny Xny t)}
= min{ My (Xn-1, Xns X ), L, Mo (Vs Yoets Yorts )y Mo (K1, XniXni8)y Ma(Xna, Xno Xn, 0}
2 Ml (Xn—ln Xny Xny t)

Now, My (Xn, Xns1, Xns1, Ot) = Mo (Vny Yoets Yosts £) = My (X1, Xno Xn, 10)
> My (Xo, X1, Xg, /%) —1 as n— oo (Since q < 1)

Thus {x,} is a Cauchy sequence in X. Since (X, M, *) is complete, it converges to a point z in X. Similarly, we can
prove that the sequence {y,} is also a Cauchy sequence in Y and it converges to a point w in Y. Now, we prove Tz =
w, we have

M, (TZ, W, W, qt) = JHEOMZ(TZ' Yn+1» Yn+1, qt) = 711_1;{)10 M, (TZ' TSYn' TSan qt)
> lim min{M, (z, Sy,, Sy, £), Ma(V,, Tz, Tz, t),

n-—-oo
My (Y, TSYn, TSYn, t) My (z, STz, STz, t), Mi(Sy,, STz STz t)}
= lim min{ml (Z' Xnr X, t)iMZ(Yni TZ' TZ' t)v

n—-oo
M, (Yn' Yn+1,Yn+1 t) My (Z' STz, STz, t)y ml(Xn, STz, STz, t)}
=min {1, Mx(w, Tz, Tz, t),1, M(z, STz, STz, t),M(z, STz, STz, 1)}
> M (z, STz, STz, t)

M, (z, STz, STz, qt) = lim M (x,, STz STz qt) = lim M, (Sy,, STz, STz qt)
n—oo n—oo
> lim min{M(y,, Tz, Tz, t), M ((z, Sy,, Sy, ),
n—oo

M(z, STz, STz, t), My (Tz, TSy, TSyn, ), Mo(¥r, TSV, TSV, £)}
= lim min{M,(y,, Tz, Tz, t), Mi((z, X,, Xy, t),
n—-oo

My(z,ST2, STz t), My (T2 Y41, Ynt1, s MoV, Yns1r Yns1, O}
=min{My(w, Tz, Tz, t), 1, My(z, STz, STz, t), Mx(Tz, W, w, t), 1}
> M, (Tz, w, w, t)

Hence, M, (Tz, w, w, gt) > M, (Tz, w, w, t/q)
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Thus Tz = w. Now, we prove Sw = z. Suppose Sw # z.

M (SW, Z, Z, gt) = lim My (SW, Xp 41, Xn+1,qt) = lim 9 (Sw, STx,, STx,, qt)
n—oo n—-oo
> lim min My(w, Tx,,, TX,, t) | M(X,, SW, Sw, t)
n—oo
My (Xny STXn, STXn ), Mo(TXn, TSW, TsW, 1), Mo(Yn, TSXn, TSXp, 1)}
= lim min{M,(W, Y41, Vns1, ) s M (Xy, SW, Sw, t),

ml(xni Xn+1, Xn+ll t), Ml(yl’ﬁli TSW! TSW, t), MZ(yni yn+1i yn+li t)}
=min{l, M(z, Sw, Sw, t), 1,9 (w, TSw, TSw, t), 1}
> M, (W, TSw, TSw, t)

Now, Myo(w, TSw, TSw, gt) = lim M, (Y41, TSW, TSw, qt) = lim M, (Tx,, TSw, TSw, qt)
n—-oo n—oo
> lim min{M; (x,, Sw, Sw, t), M (w, Tx,,, Tx,, 1),

n—oo
Mo(W, TSW, TSW, t), My (X, STXn, STXp, 1), M1(SW, STX,, STX,, 1)}
= lim min{M, (x,, Sw, Sw,t), M(W, V41, Vn+1, )
n-—-oo

MZ(W, TSW! TSW! t)! ml(xny Xn+la Xn+la t)y Ml(SWI Xn+la Xn+la t)}
= min{M(z, Sw,Sw, t), 1, Mo(w, TSw, TSw, t), 1,9 (Sw, z, z, t)}
> M (Sw, z, z, 1)
Hence, M (Sw, z, z, qt) > Mp(w, TSw, TSw, t) > M, (Sw, z, z, t/q) . Which is a contradiction.
Thus Sw = z. Therefore we have STz=Sw=zand TSw =Tz =w.
Thus the point z is a fixed point of ST and the point w is a fixed point of TS.
Uniqueness: Let z’be the another fixed point of ST such that z # z".
Now, My(z, z’, 2, qt) = My (Sw, STz, STz, qt)
>min{M, (W, Tz, Tz, t), M, (', Sw, Sw, t), ¢, (z’, STz’, STz, t),
M, (Tz', TSw, TSw, t), M, (w, TSw, TSw, t)}
=min{M, (w, Tz’, Tz, t), My (2, 2, 2, 1),1, M, (TZ’, w, w, t), 1}
> M, (Tz, w, w, t)
My (Tz, w, w, qt) = M, (Tz', TSw, TSw, t)
>min{M,; (2, Sw, Sw, t), M, (W, Tz’, Tz, t), My (2, TSz’, TSz, 1),
M (2, 2,2,1), My (z, STz', STz', 1)}
=min{M(z’, z, , t), Mp(w, T2, Tz, 1), 1, M(Z’, Z, 2, t), Mi(2, 2', 2', 1)}
> Ml (Z! Z’y Z’v t)
Hence, M, (z,z', z', qt) > M, (Tz', w, w, t) > M, (z, 2, z’, t/q) , which is a contradiction.
Thus z = z’. So the point z is the unique fixed point of ST.

Similarly, we prove the point w is also a unique fixed point of TS.

Corollary 2.6: Let (X, M, *) be a complete y-fuzzy metric space. If S and Tare mappings from X into itself satisfying
the following conditions.

M (Tx, TSy, TSy, qt) > min{M(x, Sy, Sy, t), M(y, T, Tx, t), M(y, TSy, TSy, t),
M(X, STX, STX, t), M(Sy, STX, STx, 1)}

M(Sy, STX, STX, qt) > min{Mm(y, TX, Tx, t), M(X, Sy, Sy, t), M(x, STX, STX, t),
M (Tx, TSy, TSy, t), M(y, TSy, TSy, 1)}

for all x, y in X where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y. Further
Tz=wand Sw=z.

Theorem 2.7: Let (X, M;, *) and (Y, M,,*) be two complete fuzzy metric spaces. If T is a mapping from X into Y and
S is a mapping from Y into X, satisfying the following conditions.
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M, (TX, TSy, TSy, t) > min{M; (x ,Sy, Sy, t), M, (Sy, STX, STX, t), M, (y, TX, TX, t) *
M, (Y, TSy, TSy, 1), My (X, STX, STX, )} Q)

My (Sy, STX, STX, t) = min{M; (X, Sy, Sy, t) * M, (X, STX, STX, t), M, (y, TSy, TSy, 1),
My (Y, TX, TX, 1), M, (T, TSy, TSy, 1)} 2

forall x in X and y in Y where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point win Y.
Further Tz=wand Sw=z.

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and {y,} in Y, as follows. X,=(ST)"Xo, V¥n=
T(X,-1) forn=1,2..., wehave
My (Xn, Xnet, Xnsts G) = Ma((ST) o, (ST)™ X, (ST)" %o, qt)

= My (ST (ST)" X, ST(ST) %o, ST(ST)"Xo, Gt )

= My (STXp.1, STXp, STXy, gt ) = My (Syn, STX,, STX,, qt)

>min {M; (Xn, SYny SYn, 1)* My (Xn, STXq, STX,, 1),

MZ(yn! TSYn’ TSYn, t), WZ(Yn: TXn, Tan t), MZ(TXW TSYn: TSYn’ t)}
= min {My(Xn, Xn, Xn, O*M1(Xn, Xne1, Xnets £, Mo(Yno Yo, Yoers 1),
Mo(Yny Ynes Yets )y Mo(Ynets Yort, Yosrs 03
= min{l*fMl(Xna Xn+1s Xn+1s t), MZ(Yna Ynt+1s Yn+ts t), MZ(Yny Ynt+1s Yn+ts t), 1}
2 MZ (yn’ Yn+1- Yn+1- t)

Now, M, (Yn, Vo1, Yoets O8) = Mo (TX, TXn, TXn, Q) = Mo (TXq-1, TSYn, TSy, Q)
= min {M; (X1, SYn, SYn, 1), My (SYn, STX0.1,ST Xn1, 1),
Mo(Ynr TXn1, TXn1y O)*Mo(Yn, TSYn, TSYn, 1), M1(Xn-2,STXn.1, STXq1, D}
= min{ml(xn—ln Xny Xns t), 1: 1*M2(ynr Yn+1s Yo+t t)’ ml(xn—ln Xny Xns t)}
> My (Xn-1, Xns Xn, 1),

Hence, Mi(Xn, Xne1, Xnet, Ot) = M2 (Yn, Yoot Yner ) = My (Xo1, X, Xo, ¥Q) -
> My (Xo, X1, X1, /g°"™Y)  — 1asn—oo. (Since q< 1)

Thus {x,} is a Cauchy sequence in (X, M,*). Since (X, M;,*) is complete, it converges to a point z in X. Similarly, we
can prove that the sequence {y,} is also a Cauchy sequence in (Y, M, *). Since (Y, M,, *) is complete, it converges to
apointwin.

Now we prove Tz =w. Suppose Tz #w. We have,

MZ(TZ, W, W, qt) = 111_1)?0 —(MZ (TZ' Yo+ Yn+1s qt) = 111_1)2, —(MZ (TZ' TSan TSan qt)
> lim min{M; (z, Sy,, Syn, 1), M1(Sy,, STz, STz t)
n—oco

Mo(Yn, T2, Tz, t)* Mo(Yn, TSYn, TSYn, 1), M1(z, STz, STz, t)}
= lim min {M (z, X,,%,,t), My (x,,STz, STz t)
n—oo

Mo(Yn, T2, TZ, )* Mo(Yn, Yns1s Yners 1), Mi(z, STz, STz, 1)}
> My (z, STz, STz, 1).

Now, M, (z, STz, STz, qt) =lim 9 (x,,STz STz qt) = lim M (Sy,, STz STz qt)
n—-oo n—-oo
> lim min{M, (z, Sy,, Syn, t) * My (z, STz, STz t)
n—oo
Mo(Yny TSYn, TSYn, 1), MoYn, T2, Tz, 1), M(TZ, TSY,, TSy, 1)}
= limmin{M (z, X,, X,,t) * M (z,STz STz t),

MZ(yn! Yn+1- yn+lr t), sz(Yn: TZ* TZ* t), MZ(TZ! Yn+1: yn+1i t)}
=min {1*M,(z, STz, STz, 1), 1, Mx(w, Tz, Tz, 1), Mx(T2z, W, w, 1)}
> M, (Tz, w, w, t).
Hence , My(Tz, w, w, qt) > 9(z, STz, STz, t) > M,y(Tz, w, w, t/q) , which is a contradiction.

Thus Tz = w. Now we prove Sw = z. Suppose Sw # z. We have

M(SW, z, Z, qt) = lim My (SW, Xp41, Xn41,qt) =lim 9 (Sw, STx,, STX,,, qt)
n—-oo n—-oo
> limmin{ M, (x,, Sw, Sw, t) * M, (X,, STX,, STx,, 1),
n—oo
Myo(W, TSW, TSW, t), Ma(W, TXp, TXn 1), Mo(TX,, TSW, TSw, 1)}
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= limmin{M; (X,, SW, Sw, t) * M; (X, Xnt1, Xn+1, L)

MZ(Wy TSW! TSW! t)! MZ(Wa Yn+1y yn+1 [l t)amz(yn+ly Wy Wa t)}
> M, (W, TSw, TSw, t)

Now, My(w, TSw, TSw, qt) =lim M, (Y41, TSW, TSw, qt) =lim M, (Tx,, TSw, TSw, qt)
n—-oo n—-oo
> limmin{%; (x,, Sw, Sw,t), M;(Sw, STx,,, STx,,, t)
n—oo

Mo(W, TXn, TXn, )* Mo(W, TSW, TSW, t), Mi(Xn, STX,, STX,, 1)}
= limmin{M, (x,, Sw, Sw, t) , M; (SW, X, 11, Xn41, L),

n-o
mz(wy yn+la Yn+1a t) *MZ(W yTSW1 TSW! t)yml(xny Xn+ly Xn+1y t)}
> M(z, Sw, Sw, t).

Hence, M,(Sw, z, z, qt) > Mo(w, TSw, TSw, t) > y(z, Sw, Sw, t/q). Which is a contradiction.
Thus Sw=z. we have STz=Sw=zand TSw=Tz =w.
Thus the point z is a fixed point of ST in X and the point w is a fixed point of TS in Y.
Uniqueness: Let z’= z be the another fixed point of ST in X. We have
M(z,z', 2", qt) = M(Sw, STz, STz, qt)
>min {My(z, SW, SW, t) * Mm,(z’, STz, STz, t), Mo(w, TSw, TSw, t),
Mo(w, Tz, Tz, t), Mo(TZ’, TSw, TSw, t)}
=min{M(z,z,2,t) * 1,1, Ma(w, Tz, Tz, t), Mx(TZ, W, w, 1)}
> Mo(TZ, W, w, t)
Now, M(Tz’, w, W, qt) = Mp(TZ’, TSw, TSw, qt)
>min {M(z’, Sw, Sw, t), M (Sw, STz’, STz, t),
Mo(w, Tz, Tz, t) * Mo(w, TSW, TSw, t), My(z’, STz, STz, t)}
=min{M(z’,z,z1t), Mz, z,7,t), M(w, Tz, Tz’ t) *1, 1}
>M(z,2,2, 1)
Hence , a(z, 2,2, qt) > Mx(Tz, w, w, t) > My(z, ', z’, t/q). Which is a contradiction.
Thus z =z’ So the point z is a unique fixed point of ST.

Similarly, we prove the point w is also a unique point of TS.

Corollary 2.8: Let (X, M,*) be a complete M-fuzzy metric space, If S and T are mapping from X into itself
satisfying the following conditions.

M(Tx, TSy, TSy, t) > min {M(X, Sy, Sy, t), M(Sy, STX, STX, t),
My, TX, TX, )*M(y, TSy, TSy, t), (X, STX, STX, t)}

M(Sy, STX, STX, t) > min{M(X, Sy, Sy, t)*M(x, STX, Stx, t),
My, TSy, TSy, t), M(y, Tx, Tx, t), M(Tx, TSy, TSy, t)}

for all x, y in X where g < 1, then ST has a unique fixed point z in X and TS has a unique fixed point w in Y. Further
Tz=wand Sw=z.
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