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ABSTRACT
We investigate the numerical-complete solution to certain type of generalized higher order difference equation to find
the value of m-series to circular functions in the field of finite difference methods. We also give an example to illustrate
the m-series.
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1. INTRODUCTION

The Fractional Calculus is currently a very important research field in several different areas: physics (including classical
and quantum mechanics and thermodynamics), chemistry, biology, economics and control theory ([11], [12], [13], [14],
[15]). In 1989, K.S.Miller and Ross [8] introduced the discrete analogue of the Riemann-Liouville fractional derivative
and proved some properties of the fractional difference operator. The main definition of fractional difference equation (as

done in [8]) is the v fractional sum of f(t) by

t—v

r
AT E(t) = ! > f(s), (1)

(v) s=a = (t-s—(v-1))
where v > 0. On the other hand, when v =m is a positive integer, if we replace f(t) by u(k) and A by A,,
(as given in definition 2.8 of [8]) then (1) becomes

~

[K —1)(m-D
Um(é)(k) EA;m = ;%U(k-rﬁ) (2)

k
where (r—1)"? = (r-1)(r —2)---(r —-m+1) and %} is the integer part of 7 Now (2) is very useful to

derive many interesting results in a different way, such as the sum of the m™" partial sums to the n® powers and the
products of N consecutive terms of arithmetic and geometric progressions [6]. During the last decades several fractional
sums for various functions have been investigated by numerous mathematicians (c.f.e.g, [1], [3], [9], [10] and the
bibliography quoted there).

Let />0, u(k) be real valued function on [0,%0), u(k) =0 for all k € (—,0). Then, for m e N(1), the
m-series to U(K) with respectto ¢ is defined as below:

1- series; ulm(k)=u(k-f)+u(k—2f)+---+u(k-[k}z),

1

2 —series; Uy (K) = Uy g (K= 0) + Uy )y (K =20) +---+ Uy (k —mﬁ), and in general, m-series ;

Uy (K) = Uy (k= )+ Uy (k= 20) 4w (k=[<]).
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There are direct formulas for finding the value of the m-series to the k' functions k", k/,a" k"a*etc ([2], [4], [5],

[61, [71). If u(k),u(k—7¢),---,and u (k - M 6) denote the amounts of infections of a disease in a body at the times

kK,k—/,---, and k —Mf respectively , then U, (K +mZ) gives the total amount of infection of the disease for

m-generations. To give proper medical treatment, it is necessary to find the exact value of m-series to the function U(K)
in the field of Health Science [7].

We find that the m-series of U(K) with respectto / is the Un(ny given in (2) and it is a numerical solution of the

difference equation given by
A™(k) = u(k),k €[0,0), ¢ > 0. 3)

The complete solution, say Conr) (K) of equation (3) is also a solution which provides the values of the m-series. Hence

in this paper, we obtain the value of m-series to circular functions with respect to £, since amount of infection of the
disease is a circular function (increase and decrease with respect to medical treatment).

2. PRELIMINARIES

Before stating and proving our results, we present some notations, basic definitions and preliminary results which will be

useful for further subsequent discussions. Throughout this paper, let />0, k €[0,0) isavariable, j =Kk —Hf,

N,(J))={j,¢+],2¢+ j,--} and N,(J) =N(j). c; isconstantforall k € N,(]) and forany positive integer
m , we denote

Cm (ﬁ)(k) = A;mU(k) ”l((m—l)/,+j = A;l ( ’ A;l (Al_lu(k) ||j ) |‘;+j a ) |'(<m—1)/,+j '

Definition 2.1: [5] Let U(k), k €[0,0) be a real valued function. The generalized difference operator A, on

u(k) is defined as; Au(k) =u(k +2)—u(k), k €[0,2), ¢ € (0,), 4)
and the inverse of A, on U(K) is defined as,
if A,v(k) =u(k), then v(k) = Aju(k) +c;. (5)
In general,
A =AM (A0) ©)

Lemma 2.2: Let p and g be any two real numbers such that P/ and (¢ are not integer multiple of 27 . Then, when

m =1, equation (3) has solutions

sin p(k —¢) —sin pk N
2(1—cos p/)

A;'sin pk = o (7

and

cos p(k —¢) —cos pk N
2(1-cos p/)

for u(k) =sin pk and u(k)=cosqgk respectively .

A;*cos pk =

c, ®)

Proof: Replacing u(k) by Sin pk and c0s pK in (4), we find that
A, sin pk = (cos p/—1)sin pk +sin p/cos pk, 9)
and A, cos pk = (cos p/—1)cos pk +sin p/sin pk. (10)

Since A, is linear, i.e., cA,u(k) =A,cu(k) and (cos pf—1) and Sin p/ are constants, multiplying (9) by
(cos pf—1), (10) by sin p/ and then subtracting the second resultant from the first one, we find that
A, [(cos p/—1)sin pk —sin p/cos pk] = (2—2cos p¢)sin pk. (12)
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Now (7) follows from (5) and dividing (11) by 2(1—cos p/).

Similarly multiplying (9) by sin p/, (10) by (cos p/—1) and then adding them, we find that
A, [sin p/sin pk —(cos p/—1)cos pk] = (2—2cos p’)cos pk. (12)

Now (8) follows from (5) and dividing (12) by 2(1—cos p/) .

Lemma2.3:1f p/ and g/ are not multiple of 27, then
m (t) o; _ _
A" sin pk = Z m* sin p(k —(m—t)/) e

o o i (13)
o t 2"(1-cos pt)
m (t) _ _
A" cosgk =Y 0 Cosmq(k (m t?f) +, (14)
= tt 2"(1-cosq/)
are closed form solutions of equation (3) when U(k) =sinpk , cosgk respectively.
Proof: When m =1, (13) is followed from (7) and by inductionon m, m > 2, we assume that,
. m-1 _ (t) 'n k —(m _1_
A;(m_l) sin pk = Z (m-1) Sl(mfl))( ( (En)f)) (15)
= U 2" (1-cos pY)
Since A;l is linear and COS P/ is constant, from (7), we have
At sin p(k —(m—1-t)¢) = sin p(k—(m—t)¢)—sin p(k —(m-1-t)/) . (16)

2(1—-cos pY)

(m _1)(f—1) . (m _1)(r) m(r)

(r-1)! r!

ofsin(k —(m—t)¢) for t=0,1,.....,m

Since , (13) follows by taking A on (15), applying (16) and equating coefficients

Similar argument gives the proof of (14).

Lemma2.4: Let Ne N(1), k €[0,0) and p,q are constants. Then

nT Ll NG
2 o sin p(n—2r)k if nis odd
:o !
sin’pk = n%z n(r) n(gj (a7
cos p(n—2r)k+———— ifniseven.
& g
2
and
n-1
1 & n(r) ) )
——» ——cosq(n-2r)k if n is odd
2" !
cos'gk = 1 2w n(g] (18)
—» ——cosq(n-2r)k+——— ifniseven.
e
2
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Remark 2.5: Hereafter we take P = p(n, —2r,)+q(n, —2r,) and P = p(n, —2r,)—q(n, —2r,) and hence P

and P arevarying with respectto n,,n,,r,r,, pandq.

Corollary 2.6: (i) If n, and n, are odd positive integers, then

nl 1n2—1
2 o o (rl) (rz)
sin"pkcos™gk = ( n1+)n - ZZ( 1)rl Mo {sm Pk +sin Pk} (19)
n=0r,=0 2-
(ii) If n, isan odd positive integer and N, is an even positive integer, then
Mt npt 2 —
T “1— n'" | & n{? (7) P+P
in"pkcos™ k— A sin Pk +sin Pk )+ 2—sin kt. 20
n= 1 2 2 2
(iii) If n, isan even positive integer and N, is an odd positive integer, then
nt mt n _
1 &n? &, O n(rl) nH P-P
sin"pkcos™0k = ——— 2 (-1)2 cos Pk +cos Pk ) + ——cos kb (21)
(iv) If n, and n, are even positive integers, then
n2—2
1 LY n(rl) & n\?
) n — 2
sin"pkcos"2qgk ST Z( 1) " r;) o (cos Pk +cos Pk)
g — ng — L n2
n@ P-P n£2) P+P 1nlEZJ n£2)
+ coS K [+ coS K |+—= . (22)
B 2 21 2 2 (%[t
2 2 2 2

Proof: The proof of (19), (20), (21) and (22) are obtained by combining (17) and (18) and using the properties of
trigonometric functions.

Corollary 2.7: (i) If n, and n, are odd positive integers, then

A+, —2 nl—ln -1
(1 )1 . 2 n® n(rz)

)

n= 0 r2 2"

sin" pKsin"2qgk = {cos Pk —cos Pk} (23)

(i) If n, isan odd positive integer and N, is an even positive integer, then

+n,-1 -1 n,-2
n ( )nl 2 nl 4 (rl) 2 r ;rz) gf) P +E
. Mol — 1 :
sin"pksin"2gk = BT Z( 1) 1- Z( 1) (sm Pk +sin Pk) [ij'sm 5 Kt (24)
2
(iii) If n, and n, are even positive integers, then
n+n, n-2 n,-2
ok ) (-1) 2 ZZ:( 1y nl('l) 222: ni2) (cost+cost)
sin"pKsin"2gk = ~——— - -
PANC [0 Koo 6l (-1)?
nl[%] P-P ng"*f] P+P 1 nl(%) ng"*?]
+ c0s k |+ coS K |+= . (25)
2] 2 (21 2 2 (a2
2 2 2 2
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Proof: The proof of (23), (24) and (25) are obtained by using (17) and the properties of trigonometric functions.
Corollary 2.8: (i) If n, and n, are odd positive integers, then
ln -1
nl (rl) (I’2)

cos" pkcos™ak = o Z z o {cos Pk +cos$k}. (26)

|
n=or,=0 I+ I

n,

(ii) If n_isan odd positive integer and N, is an even positive integer, then

21 n,—-2

1 2 n(rl) 2 {2 _ n(%z) P+P
"1pkcos"2qk = - 2_(cos Pk + cos Pk 2_cos ke (27
(iii) If n, and n, are even positive integers, then
1 rLl%zn(rl) 22 e
" n = - 1
cos" pkcos"ak S > Z : (cos Pk + cos Pk)

|
rlzo rl. r2 =0 r2-

(28)

g 5
n* P-P
+-+—C0S k |+
(A 2
2
Proof: The proof of (26), (27) and (28) are obtained by using (18) and the properties of trigonometric functions.

3. MAIN RESULTS

In this section, we use the following notations: L, , ={1,2,...,m-1}, O(L, ) = {#}, ¢isemptyset, 1(L,_,)
= {{1h{2} - {m-1}}, 2(L,,) = {{L.2}{1.3},--{l,m-1}, {2,3},--- {2 m-1},--- {m—-2,m-1}} .

Ingeneral, t(L, ;) =setofallsubsetsofsize t fromtheset L, suchthatif {m,m,,---,;m} e t(L,,) then

m-1

m<m,<--<m . (Mm-1)(L,,)={{1,2,--,m-13}, (L) ={Jt(L,,) . power set of L,

t=0
m-1

t
f(t)=0 for m<1,and [Jf(i)=1 for t<1,and {m} et(L,_,) meansthat {m,m,,--,m}et(L, ).

t=1 i=2
Theorem 3.1: [2] Let me N(2), 0< /¢ <k.If A,;"u(k) isany closed form solutions of equation (3), then for

m-1
k e[m/,o0), Cm(é)(k) |i(<m—1)£+j =A,"u(k) |i(<m—l)4+j +z z (_1)I(A;mlu((m1 =10+7))
t=L{m ¥etLy )

k““*”‘r) L((m, 1) 0+ )Y

(m-m)l" g (my—m )1
is the complete solution of equation (3).

X

|(m—1)€+ j (29)

Theorem 3.2: [2] (m-series formula) Let m € N(2). Then, for k € [m/, ),

]
g (I’ 1)(m—l) k_ — A-M k k = 1\t -my _ -
| AUk =r0) = A,"UK) [+, D, (CD)N(A M u((m —1) 0+ )
= (m-1)! CL{m ey, )
K" m) m. —1)¢+ j)i -y
% A (( ) J) |(m,1)[+j (30)

(m-m)t" ™Gz (m —m, )
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In which LHS of (30) gives m-series and RHS provides the value of the m-series to U(K) .

(m, m_l) . = )
Remark 3.3: Hereafter we denote TT(t) = H(((m —1)¢ +):Z =m and P/, P/, [P; ij, (P ij
m | 1 I -

are not integer multiple of 27 .

Theorem 3.4: If n, and n, are odd positive integers, then the m-series to sin"1p(k)cos"q(k) is given by

59 e (1) (1) (1)

5 (r-1)™ nz n{¥n{?’m"
3|n”1p(k—r£)co5”2q(k rﬁ) = +Ny+M- [

; m—1)! 2" oML rIZOrZZOraZO( 1)t

X(sin P(k—(m=r,)) _sinP(k—(m- rs)f)]} !
(m=-1)0+j

(1-cos Po)" (1-cos Po)"
nl—l nl—ln -1
f 5 NG ZZZZ gy N 0,2 %
T ( ) +Ny +M, — ( 1)1 b=
t=1{m}<t(Lpy_y) 2T 7207, 01,0 1! o

(1)

|(m—1)é+j

[sinP(r=1)¢+)) sinP((r, 1)+ ) (k™™
(1-cos P£)™ (1-cosPO)™ )| (m—m)e" ™

Proof: The proof is obtained by replacing U(K) by sin™pkcos"™gk in theorem (3.2) and applying equation (19) on
lemma (2.3).

Remark 3.5: When n, =0 in (31) we will get A,"sin"pk and when n, =0 in (31) we will get A,"cos"2pkK .
The following example illustrates a 4-series to sin>6kcos®5k,

Example 3.6: Considerthecase m=4, p=6, q=5 ,n, =3, n,=3,P= (6(3—2r1)+5(3—2r2)) and
= (6(3—2r,) —5(3—2r,)). In this case,
L= (1231 10) = EIMZHAEIH 20L) = {0021 (13123 (L) = {11,231} ad G ecores

3-1 3 1 3 -1
/ r-1 @ 1 2 s 4(r3) I+,
PED” sty = EDL A S e
r=4 (3)| 2 r3! r1—0r2—0r3—

y 3(r1) 3(r2) sin P(k — (4— r3)£) sin E(k — (m — r3)£) |k
o (1-cosPr)* (1—cos P?)* -1+

3-1+t [ 3-1 3-1

(r4)

1 1y 30 3% m)
DIIPIPE= E0) 303 Y EN R

t= 1{mt}et(L 1) 2 r,=0r,=0r, =0 2-

|(4—l) (+j " (32)

[SinPUr -1+ ) sinP((r,~1)+ ) k™
(1-cosP/)™ (1-cosP)™ )| (4—m)" ™
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The five summation expression of (32) can be obtained by adding the sums corresponds to;
3-1 3-1

Zzz( 12757 3% 3% 19 (inp(j—(1- r)£)+smP(j (1-r,)0) | k¥
%%l o) o) (1-cosPr)! (1-cosPr)t  )314°

3

rl—0r2—0r3—0

3-1 3-1
> 7 2 T3 5(0) an) 5(R) _ ()
N ZZZ( 12 - 3322 (sinP((4+))-(2- r)£)+sm P((+))-(2 )0 || Kk, :
27 AN AR A (1-cos Pr)? (1-cos P)? 210

n= Or2 Or3 =0

3-1 3-1 3-1
G& (1) 2 R (sinP(0+ j)-B-1)0) sinP(20+ j)-@2-1,)0) || k?
RPANI PA ( (1-cosP¢)° ’ (1-cos Pr)°? 1

n=0r,=0r3=0

corresponds to 2(L,;);

3-1 3-1
ZZZ( 1)7 7 3 5% 19 (sinp(j— (1 r)z)+smp(1—(1 O | kP ¢+ )P
S 277 b ot (1-cosPoy (1-cos P)* 207
3-1 3-1
ZZZ( 1) % 3% 32 1% (in p(j—(1- r)£)+sm P(j-(1-r)0) | k® 2+ )@
o 27 gt bt (1-cosPo) (1—cosPo)t (11t 212
3-13-1
EJrI'JrI' I r. T. R .
Z Z Z( 1)2 12 3% 3% %) (sinp((0+ j)-(2-1,)0)
rl—O rZ—O r3 23+3+2_l rl! r2! rs! (1_ Cos P£)2
S|nP((£+j) @2-r)0) | kP @0+ jH»
(1—cos P¢)? AT A
andto 3(L,):

(- 1)2 178 3% 3% 1% (sin p(j—(1-1,)0)
Zzz 23+3+ll +

{07y =010 oo (1-cos Pr)*

sinP(j—(1-r)0) | k® ¢+ j)P 20+ )
(1-cos P¢)! t e

Theorem 3.7: If n, is an odd positive integer and n, is an even positive integer, then the m-series to
sin"p(K)cos™q(k) is given by

K nl—l n1 -1
[7] (m-1) () . (13)
( (r_l) . N ( 1) I+, m 8
————sin"p(k—rl)cos"q(k —r() = o Z( 17 5
r=m (m_]_)l 2n1 n= Or3 -
n2 -1
Z n(rz)(smP(k (m- rz)ﬁ) sinP(k—(m-1,)¢)
20 % (1-cosPo)" (L-cosPo)"
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(2) Sin[P;PJ(k_(m—rg)f) . . l)nl—l nll
n, 2 . r+r
+ ) = ||((m—1)/,+j +Z Z ( )t n1+n2+m -1 Z Z( 1) v
(7) (1_ COS( P ; P ] g)m t=1{m Jet(L,_4) r=01,=0
-1
n

2
ml(r“) 2 n (sin P((r, ~1)(+j)  sin P((r,-1)¢+ j)
oo L (L-cosPo)™ (1—cos P/)™

_(P+P .
(2 sm( 5 j((r4—1)5+1) H(t)xk:m_mt) )

+ 2 — | .
ni2 | _ | m-m, (m-1)/+j
(2J' (1—cos[PJ2rP]€)ml (m=m,)i

(33)

Proof: The proof is obtained by replacing U(K) by sin™pkcos™gk in theorem (3.2) and applying equation (20) on
Lemma (2.3).

Theorem 3.8: If N, is an even positive integer and n

sin”lp(k)cos"zq(k) is given by

, is an odd positive integer then the m-series to

‘ _1)(m-1) nz—l (r2) (rs)
Z(( —)1)l sinip(k —rf)cos™q(k —rf) = ——— T ZZ( 1r3_r)_
nl 2
Z( 1)2+r1 1>(cosP(k (m-r,)0) cosP(k (m-r,)0)
! (1-cosPo)" (1-cosP/)"

n(%] cos(P F>J(k (m-r)?)
+ 1

k - (1)
(nl)' P-P - +Z‘ 2 T
2/ (1-cos ( 5 ] oHr

t=1{m,Yet(L,, ;) 2

Zo , N2 m® X B 0 (cosP((r, -1)¢ + j) , cos P((r,-1)¢ + j)
X 1)+ —2— 1)2 -2
rzz;)uz( ) ! Z( ) r, ( (1-cosP/)™ (1-cosP/)™

B |
]«u—wﬂ) ok
m-m, |(m—1)€+j . (34)
(nlelt (1_C05£P PJf)ml (m_mt)w
2
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Proof: The proof is obtained by replacing U(K) by sin™pkcos™gk in theorem (3.2) and applying equation (21) on
Lemma (2.3).

Theorem 3.9: If n, and N, are even positive integers then the m-series to sin™p(k)cos"™q(k) is given by

& (ropye SR %)&;
o . . - M
2y SRl rOsina(k 1) = Z( 1) Z
n,-2
) 0 o Bl
(1)r1 1 22:( )rz cosP(k —(m r3)£)+cosP(k (rﬂ r,){)
! I} (1-cosP/)" (1-cosP/)™

n(%j cos(P F>J(k (m-r,)0) n[%zj cos[P+PJ(k (m-r,)?)

(a)r P-P HE
2 (1—005( 5 j()“‘

[%Zjl (1—cos(p;r Pjﬁ)m

+

3 A

2 m m-1 m(@
n k ( 1) r
'}1]1 “22]1 mifm i +2, 2 | QT [Z( 1
2

5 ) t=1{mJet(Ly,_y

+2mt

L n2;2 , Ni2 (cosP((r, —1)/) cosP((r 10+ ))
z( 1) z( b ((1 cosP/)™ (1-cosPy)™

e cos( P; P]((Q DD | cos(P+ PJ((r _1)0+ )
1 + 2

[%J' (1—cos(P;B]f)ml (%ZJI (1—cos[P;PJ€)ml

+

B S il (e S

S i [im-mpr e

(35)

Proof: The proof is obtained by replacing U(k) by sin™pkcos"gk in theorem (3.2) and applying equation (22) on
lemma (2.3).

Remark 3.10: n, =0 in (35) gives A,"sin™pk and n, =0 yields A,"cos"pkK .

Remark 3.11: Similarly, using Corollaries (2.7) and (2.8), Lemma (2.3) and Theorem(3.2), one can obtain m-series with
respect to ¢ to the functions cos™ pKcos™qgk and sin™pksin"gk .
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